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Abstract
Few areas of geophysics are today progressing as rapidly as basic geomagnetism, which seeks to
understand the origin of the Earth’s magnetism. Data about the present geomagnetic field pours in
from orbiting satellites, and supplements the ever growing body of information about the field in
the remote past, derived from the magnetism of rocks. The first of the three parts of this review
summarizes the available geomagnetic data and makes significant inferences about the large scale
structure of the geomagnetic field at the surface of the Earth’s electrically conducting fluid core,
within which the field originates. In it, we recognize the first major obstacle to progress: because of
the Earth’s mantle, only the broad, slowly varying features of the magnetic field within the core can
be directly observed. The second (and main) part of the review commences with the geodynamo
hypothesis: the geomagnetic field is induced by core flow as a self-excited dynamo. Its
electrodynamics define ‘kinematic dynamo theory’. Key processes involving the motion of
magnetic field lines, their diffusion through the conducting fluid, and their reconnection are
described in detail. Four kinematic models are presented that are basic to a later section on
successful dynamo experiments. The fluid dynamics of the core is considered next, the fluid being
driven into motion by buoyancy created by the cooling of the Earth from its primordial state. The
resulting flow is strongly affected by the rotation of the Earth and by the Lorentz force, which alters
fluid motion by the interaction of the electric current and magnetic field. A section on
‘magnetohydrodynamic (MHD) dynamo theory’ is devoted to this rotating magnetoconvection.
Theoretical treatment of the MHD responsible for geomagnetism culminates with numerical
solutions of its governing equations. These simulations help overcome the first major obstacle to
progress, but quickly meet the second: the dynamics of Earth’s core are too complex, and operate
across time and length scales too broad to be captured by any single laboratory experiment, or
resolved on present-day computers. The geophysical relevance of the experiments and simulations
is therefore called into question. Speculation about what may happen when computational power is
eventually able to resolve core dynamics is given considerable attention. The final part of the
review is a postscript to the earlier sections. It reflects on the problems that geodynamo theory will
have to solve in the future, particularly those that core turbulence presents.
(Some figures may appear in colour only in the online journal)
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had previously, in a letter written in 1269, partially anticipated
Gilbert. He had constructed his own terrella and, by laying a
needle on its surface, had mapped out the lines of magnetic
longitude, finding them to be approximately great circles
converging at two antipodal points which, in analogy with the
Earth, he called poles. With the help of other magnets, he
established that like poles repel and unlike poles attract.
Gilbert believed that the Earth is magnetically modeled
so well by his terrella that its magnetism is time independent
too, but in 1635 Henry Gellibrand produced convincing
observational evidence that contradicted this.
Time
dependence is the very significant topic of section 3. Since
permanent magnets creating constant magnetic fields were
the only sources of magnetism that were known at that time,
it was natural to suppose that the Earth’s magnetic field is
produced by moving magnetic poles within the Earth. Halley,
of comet fame, who in 1701 had produced a famous map of
D in the Atlantic, visualized four magnetic poles moving in a
hollow Earth, but that did not explain the observational facts
well. The situation was, from 1635 until almost a century ago,
frustratingly mysterious. As Christopher Hansteen eloquently
complained in 1819, ‘The mathematicians of Europe since the
times of Kepler and Newton have all turned their eyes to the
heavens, to follow the planets in their finest motions and mutual
perturbations: it is now to be wished that for a time they would
turn their gaze downwards towards the earth’s center, where
also there are marvels to be seen; the earth speaks of its internal
movements through the silent voice of the magnetic needle’
(Chapman and Bartels 1940). In defense of mathematicians,
it must be admitted that what they could do in 1819 was very
limited; the Earth’s core was not discovered until 1906 by
Richard Dixon Oldham. That it was fluid was not known for
certain until two decades later.
The first mathematician to take up Hansteen’s challenge
was Karl Friedrich Gauss who, in 1838 in an analysis
described in section 2, gave Gilbert’s idea mathematical
teeth. But it still left geomagnetism without an adequate
physical explanation. This came only after the birth of
electromagnetism. Allessandro Volta discovered in 1800
how to construct what became known as a voltaic pile, from
which electric current could be carried along an electrically
conducting wire. In 1820, Hans Christian Oersted showed that
the needle of a compass placed near a wire carrying an electric
current was deflected. News quickly reached Paris where, in
the same year, François Arago demonstrated that the magnetic

1. Introduction
In his encyclopedia, Pliny the elder told a story about a
shepherd in northern Greece who was astonished to find that
his iron-tipped staff and the nails in his shoes were strongly
attracted to a rock, now called lodestone. His name, Magnes,
possibly led to the phenomenon he experienced being called
‘magnetism’.
The directional property of the magnetic compass needle
was apparently discovered, perhaps thousands of years ago,
in China. It is certain that, from about the third century AD
83 onwards, Chinese geomancers knew that a spoon, made of
lodestone spun on a smooth horizontal surface, would come
to rest pointing in a unique southerly direction, which was not
precisely south. The deviation is today called declination and
is denoted by D.
That magnetism can be acquired by iron by stroking it
with lodestone was an important though undated discovery
that led to the magnetic compass, first mentioned by Shen
Kua in 1088, a century before the first European reference
by Alexander Neckham of St Albans England in 1190. By
the fourteenth century the nautical compass was in regular use
by the British navy. Christopher Columbus carried one on his
epic voyage of 1492. By this time, a portable sundial could
be easily purchased whose gnomen could be orientated by a
magnetic compass needle beneath a window in its base. In
1581 Robert Norman, an instrument maker in London, reported
that a magnetized needle that was freely suspended, instead of
being pivoted about a vertical axis, orientates itself at a steep
angle to the horizontal plane. This angle is called inclination
and denoted by I .
At first many thought the magnetism of the Earth was
created externally, by attraction to the pole star. The discovery
that it originates mainly inside the Earth is often attributed
to William Gilbert, court physician of Queen Elizabeth 1st
of England, who in 1600 published De Magnete, a book that
soon became famous and is often called ‘the first scientific
textbook’. He there describes his ‘terrella’, or little Earth,
experiment, in which he placed the points of iron pins on
the surface of a spherical block of lodestone (or magnetic
rock), and found that they became orientated at different points
on the surface in ways similar to the directions in which a
freely suspended magnetic compass needle points at different
locations on the Earth’s surface; see figure 1. ‘The Earth is a
great magnet’, he announced. Petrus Peregrinus de Maricourt
2
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Equations (1a, b) and (2a) are three of the ‘pre-Maxwell
equations’, so called because they pre-date those of James
Clerk Maxwell, who introduced a displacement current to
resolve the inconsistency of (2b) with charge conservation,
which requires ∂t ϑ + ∇ · J = 0, where ϑ is charge density in
C (coulomb = A s). Light could cross the Earth’s diameter
in about 40 µs, or in effect instantaneously in comparison
with the time scales of the geomagnetic phenomena considered
below, which are 1 day and longer. Therefore both ∂t ϑ and
displacement currents are negligible, leading to pre-Maxwell
theory in which light has infinite speed, and the electric field
energy is negligible compared with the magnetic.
Pre-Maxwell electrodynamics are closed by Ohm’s law
which, for a conductor moving with a velocity u much less
than light speed, is
J = σ (E + u×B ),

where σ (in siemens per m) is the electrical conductivity. Apart
from boundary conditions, all the electrodynamics needed in
this article have now been assembled.
In 1919, Joseph Larmor made the dynamo hypothesis,
according to which the electric currents responsible for the
magnetic fields of the Earth and Sun are created in much the
same way as by electric generators in power stations. In the
first dynamos, made in the early 19th century, electric current
was created inductively by the rotation of current-carrying coils
in the presence of the magnetic field of fixed permanent magnets. In 1854 Ernst Werner Siemens invented the self-excited
dynamo, in which the inducing magnetic field is instead produced by fixed current-carrying coils fed by the machine itself.
This self-excited dynamo was what Larmor envisaged, and it
is the only explanation of geomagnetism seriously entertained
today. We next assemble relevant geophysical facts.
To within a factor of 1/300, the Earth is a spherical body
of radius a = 20 000/π km (by the original definition of the
meter). Its internal structure is revealed by seismology, the
study of acoustic waves generated by earthquakes. The waves
travel through the Earth and emerge loaded with information.
They reveal the density of the material they pass through,
and the velocities of the longitudinal and transverse acoustic
waves, called P and S waves. Since the Earth is close to
being spherically symmetric, these quantities are functions of
r alone, the distance from the geocenter O. See for example
the PREM model of Dziewonski and Anderson (1981) or the
ak135 model of Kennett et al (1995). Seismology reveals that
internally, the Earth consists of a rocky mantle lying above a
dense core whose surface is the core–mantle boundary (CMB),
of radius ro = 3480 km. The core has two major parts: the
inner core is a solid sphere of radius ri = 1225 km whose
surface is the inner core boundary (ICB). The outer core is
the annular region between the ICB and CMB and is known
to be fluid because only P waves pass through it. Atop the
uppermost mantle is the crust. See figure 2.
The seismically inferred density of Earth’s core, combined
with projections of Earth’s relative chemical abundances based
on chemical makeup of meteorites from which it likely formed,
suggest that Earth’s core is mostly iron. (About 8% of the core
may be nickel but, since the physical properties of these two

Figure 1. A sketch of William Gilbert’s terrella from De Magnete
(1600). From Chapman and Bartels (1940), with permission from
OUP.

field produced by the current was as capable of magnetizing
iron as a permanent magnet. Also in 1820, Jean-Baptise Biot
and Félix Savart published their well-known law relating a
linear current to its magnetic effect. In 1825, Andre-Marié
Ampère published his famous memoir that led to what is now
called Ampère’s law: ∇×H = J , where J is the electric
current density in A m−2 and H (A m−1 ) is the magnetizing
force (aka ‘magnetic intensity’); A stands for amp.
Not only was electromagnetic (EM) theory taking shape
but also an alternative origin of geomagnetism had been
identified: the flow of electric current inside the Earth!
The time dependence of the magnetic field discovered by
Gellibrand prompts a reminder of Michael Faraday. Foremost
amongst his prodigious achievements was the discovery of the
law of EM induction, which relates the time derivative of the
magnetic field, B (aka ‘magnetic induction’), to the electric
field E :
∇×E = −∂t B ,

consistent with

∇ · B = 0,

(1a, b)

the latter of which is sometimes called ‘Gauss’s law’. The
magnetic field B is in tesla (T) and the electric field in volts per
meter (V m−1 ). Faraday also introduced the concept of lines
and tubes of (magnetic) force, which will be useful below.
A permanently magnetised material loses its magnetism if
heated beyond the Curie temperature. Except in its outermost
layers called ‘the crust’, the Earth is so hot that magnetism can
only be the by-product of electric current flow. In other words,
B and H are essentially the same but, in the SI units used here,
even their physical dimensions are different! The constant of
proportionality, µ, in the law B = µH is the permeability,
with physical dimensions henry per meter (H m−1 , where
H = T m2 A−1 ). It appears that, in the Earth, µ is almost
the same as µ0 , the permeability of free space, which in SI
units is µ0 = 4π × 10−7 H m−1 (precisely!). Ampère’s law
becomes
∇ ×B = µ0 J ,

so that ∇ · J = 0.

(3)

(2a, b)
3
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A few remarks about notation may be helpful: ‘Conductivity’ and ‘diffusivity’ stand for ‘electrical conductivity’ and
‘magnetic diffusivity’ unless ‘thermal’ is added. ‘Magnetic
field’ is abbreviated to ‘field’ and ‘electric current density’ to
‘current’. Unit vectors are not decorated with a circumflex,
which is used instead to distinguish fields belonging to the exterior of the core (mantle, crust and beyond); unit vectors are
denoted by a bold unity, 1.

PART 1: Magnetic observations
2. Description of the Earth’s magnetic field
2.1. Gauss decisively identifies an internal magnetic origin
Gilbert’s belief that the source of the Earth’s magnetism
is within it was confirmed by Gauss in 1838 through an
application of potential theory. Assuming negligible current
flow J = 0 at the Earth’s surface r = a, (1b), and (2a) show
 at r = a satisfies
that the magnetic field B
 = 0,
∇ ×B

 = 0.
∇·B

(4a, b)

Here, ‘hatted’ terms indicate quantities outside the fluid outer
 is a potential field for
core. Equations (4a, b) shows that B
which
 = −∇V ,
B

Figure 2. The gross structure of Earth’s deep interior.

where

∇ 2 V = 0,

(4c, d)

and V is the geopotential. In terms of spherical coordinates
(r, θ , φ), where θ is colatitude (i.e. 21 π -latitude) and φ is east
longitude, the spherical components of (4c) are
θ = − 1 ∂V ,
φ = − 1 ∂V ,
r = − ∂V ,
B
B
B
∂r
r ∂θ
s ∂φ
(4e, f, g)

metals are much alike, this is neither easy to determine nor
important for the geodynamo.) The density of the core is,
however, a few percent less than that expected of pure iron.
The generally accepted interpretation is that both cores are
mixtures of iron and a few percent lighter chemical elements,
but seismology cannot identify these. Being iron-rich the
mixtures should be good conductors of electricity, unlike the
rocky mantle and crust. The variation of density ρ(r) and
pressure P (r) in the fluid core is consistent with the idea that
it is well mixed by the internal motions, u.
Our review has three main parts. Part 1, made up of
sections 2 and 3, assembles relevant observational data and
interpretations. Section 2 explains how the geomagnetic field
is best represented and interpreted, and section 3 reports on its
time dependence.
Part 2 describes how theory (sections 4–6), computer
simulations (section 7), and experiments (section 8) have
advanced understanding of geomagnetism to where it is today.
Section 4 discusses the geodynamo hypothesis, which frames
all that follows. Section 5 formulates the dynamo problem
with pre-Maxwell electrodynamics. In it we address how
kinetic energy is converted to magnetic energy in a topic called
kinematic dynamo theory. Section 6 presents governing MHD
equations for the geodynamo and discusses the fluid dynamics
of Earth’s core.
Part 3, consisting of sections 9 and 10, points to the
future, where the deficiencies that still exist will ultimately
be resolved. Section 9 discusses turbulence, a substantial
obstacle in understanding natural fluid systems. It may
be fundamentally important for core dynamics and the
geodynamo. Section 10 concludes our presentation.

where s = r sin θ. The components (4e–g) are three of the
magnetic elements, and are usually denoted by −Z, −X and
−1
/X)
Y , respectively. Others are the declination, D = tan
√ (Y
−1
and the inclination, I = tan (Z/H ), where H = (X 2 +Y 2 )
is the √
horizontal field strength; the total field strength is
F = (X2 + Y 2 + Z 2 ). Of particular interest to mariners
has been D, which is the eastward deviation of the (magnetic)
compass needle from true North; I is the downward dip of a
freely suspended compass needle to the horizontal.
The general solution of (4d) is
V (r, θ, φ, t) = Vint (r, θ, φ, t) + Vext (r, θ, φ, t),
where
Vint (r, θ, φ, t) = a

∞  

a +1
=1

×




(5a)

r

m
[gm (t) cos mφ + hm
 (t) sin mφ]P (θ ),

(5b)

m=0

Vext (r, θ, φ, t) = a

∞  

r 
=1

×



m=0

4

a

m
[ĝm (t) cos mφ + ĥm
 (t) sin mφ]P (θ ),

(5c)
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and Pm (θ ) is the Legendre function of degree  and order
m
m
m. In these expansions, gm , hm
 , ĝ and ĥ are called
gauss coefficients. (The Legendre functions are ‘Schmidt
normalized’, an option not much used outside geophysics.
The mean square over the unit sphere of Pm (θ ) cos mφ and
of Pm (θ ) sin mφ is (2 + 1)−1 .)
The potential Vint (r, θ, φ, t) represents the field created
by sources below the Earth’s surface. In (5b), it is expressed
through multipoles at the geocenter, O, the monopole ( = 0)
being excluded. The g10 term gives the (centered) axial dipole,
while g11 and h11 determine the (centered) equatorial dipole.
Since the units of B are tesla (T), the components of the dipole
moment are obtained in T m3 by multiplying g11 , h11 and g10 by
4π a 3 . The dipole moment, m, of the Earth is, however, usually
expressed in A m2 , so the field of the central dipole is
 3
d (r ) = 1 a [3(m · 1r )1r − m],
B
f0 r
where m = f0 (g11 1x + h11 1y + g10 1z ),
(6a, b)

6

10

3

(mT )

10




m
[gm (t) cos mφ + hm
 (t) sin mφ]P (θ ).

2
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Figure 3. A Mauersberger–Lowes spectrum for geomagnetic field
intensity as a function of harmonic degree; see (8a). Gauss
coefficients for data points are taken from the xCHAOS model of
Olsen and Mandea (2008), derived from field measurements from
satellite and ground-based observatories made between 1999 and
2007. Hollow symbols show the spectrum at Earth’s surface, R (a);
solid symbols show it at the CMB, R (ro ). The shading illustrates
where information about the core is hidden behind the magnetic
curtain, the edge of which is indicated.

f0 = 4π a 3 /µ0 ≈ 2.580 × 1027 m4 H−1 and 1r = r /r; see
section 1. The strength of the central dipole is m = f0 [(g10 )2 +
(g11 )2 + (h11 )2 ]1/2 and is currently about 7.8 × 1022 A m2 and
decreasing. The coefficients g20 , g21 , h12 , g22 and h22 correspond
to quadrupoles at O, g30 , g31 , h13 , g32 , h23 , g33 and h33 to octupoles,
etc. The larger the , the more rapidly does that part to Vint
increase with depth.
The potential Vext (r, θ, φ, t) represents the field created
by sources above the Earth’s surface, such as currents flowing
in the ionosphere. The leading terms, ĝ10 , ĝ11 and ĥ11 , in (5a),
give uniform fields in the z-, x- and y-directions, The larger
the , the more rapidly does its contribution to Vext increase
with r. Further details about the harmonic expansions can be
found in many places, including Chapman and Bartels (1940)
and Langel (1987).
In 1838, Gauss published the first spherical harmonic
analysis of the geomagnetic field. From data available to him,
he interpolated for X, Y and Z at 84 points, spaced 30◦ in
longitude on 7 circles of latitude. He assumed that Vext = 0
and truncated (5b) at N = 4:
N  

a +1
V (r, θ, φ, t) = a
r
=1
×

0

10

 (x, t) the field created by the 2 + 1
exactly. We denote by B
harmonics of degree . Its mean square over the sphere of
radius r, which we denote by S(r), is R (r, t). This is the
power spectrum of Mauersberger (1956) and Lowes (1966),
which we call the ‘ML-spectrum’:
R (r, t) =
and

 a 2+4
r

( + 1)




2
[(gm (t))2 + (hm
 (t)) ]

m=0
∞


2 (r, t) =
B

R (r, t).

(8a, b)

=1

The ML-spectrum for Earth’s surface field, R (a, t), is shown
in figure 3 as hollow symbols. Surface field power decreases
steadily until about  = 13, above which the spectrum flattens.
Assuming there are no magnetic sources in the mantle, we can
project this surface ML-spectrum to the CMB by multiplying
R (a, t) by (a/ro )2+4 = 11.2(3.35) . This factor tips the
spectrum up, the result of which is shown as solid symbols in
figure 3. The CMB spectrum is nearly flat up to  = 13, above
which the power increases with .
The ML-spectrum for   13 and   13 are generated
by different processes. The large scale observed field,   13,
is the main geodynamo field produced in the core. The field
measured on smaller scales,   13, however, is due to crustal
magnetism. The Curie temperature of mantle materials is
typically in the range 300–1000 ◦ C. These temperatures are
reached within tens of kilometers of Earth’s surface, so that
the crust can be at least partially magnetized. The excessive
amount of power attributed to the small-scale CMB field in
the upper curve of figure 3 is unphysical, since ferromagnetic
sources in the mantle render (4c, d) and (7) invalid below
r = a. We have therefore incorrectly extrapolated a local
source of magnetism to a more distant origin, artificially
amplifying its intensity. Instead, we observe distinct spectral

(7)

m=0

Without any computational aid for the considerable arithmetic
labour involved, he extracted the 24 g and h coefficients.
(According to the usual mantra, he avoided aliasing, because
84 points >3×(24 gauss coefficients) = 72.) He then tested
how well (7) fitted the data at the 84 points, and concluded
from the excellence of the fit that Vext was in fact small enough
to be ignored. Subsequent analyses, drawing of much larger
data sets, have confirmed the smallness of Vext and electronic
computers have made (7) readily accessible for large N .
2.2. The power spectrum; the magnetic curtain
From now on we accept that the main source of the magnetism
of the Earth lies entirely beneath its surface, so that (7) holds
5
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behaviors of core and crust, R<13 and R>13 , which are both
nearly flat at their sources, r = ro and r = a, respectively. This
observation led Hide (1978) to suggest that a lower bound for
the radius of a conducting planetary core could be derived
from magnetometers on orbiting satellites by assuming the
spectrum, R (r), at its core surface is perfectly flat. Elphic
and Russell (1978) quickly applied the idea to Jupiter. Tested
for the Earth, Hide’s idea gives 3310 km as a lower bound for
the core radius. The physical reason why the spectrum should
be so flat (or ‘white’) at the surface of a conducting core is
uncertain.
The ML-spectrum is not completely flat at the CMB for
 < 13; the dipole  = 1 predominates. The interesting
question of whether this is invariably true has been answered
in the negative by the study of paleomagnetism; see section 3.1.
Also numerical models (section 7) have different spectral
content. This has led to the introduction of a parameter called
dipolarity (Christensen and Aubert, 2006), defined by
 
1/2 
1/2
2 2
R1 (ro )
CMB B=1 d x
d(N) = 
= N
.
N
2 d2 x
B
R (ro )
CMB

=1



At surface

Geomagnetic field (IGRF-11) up to degree 13

Simulation plotted up to degree 13

Simulation plotted up to degree 213

=1

Figure 4. Radial field at the surface (left column) and CMB (right
column) of Earth for   13 (top row), a numerical geodynamo
simulation for   13 (middle row), and the same simulation for
  213 (bottom row). Figure courtesy of K M Soderlund.
Geomagnetic data taken from the International Geomagnetic
Reference Field (IRGF-11, Finlay et al 2010b).

(8c)
If R (ro ) were perfectly flat for 1    N , this would be
N −1/2 , so that d(12) ≈ 0.29; in reality, today’s geomagnetic
field features a prominent dipole term, and d(12) = 0.68.
Crustal magnetism influences the study of Earth’s
magnetic field in two fundamental ways. First, the magnetism
of ancient crust provides valuable geomagnetic information
covering much of Earth’s history, a topic raised in section 3.2.
Second, crustal magnetism forms a magnetic curtain, which
occludes a view of the core field for all but its largest
scales. Gauss coefficients measured at Earth’s surface are
overwhelmed by crustal sources for  > max ≈ 13, limiting
main field observations to length scales larger than
 = 2πro /max ≈ 1.7 × 103 km.
L

At core-mantle boundary

in the lower mantle, that shield the CMB from observation
|/τ ) exceeds |B
|/
| = O(|B
at the Earth’s surface if |∂t B
τσ |,
where

τσ =

a

2

(µ0
σ (r))1/2 dr

,

(9)

ro

and 
σ (r) is the mantle conductivity, which is poorly known in
the lower mantle where it is largest and matters most. Estimates
of 
τσ of about 1 yr are common; see Backus (1983). Mantle
conduction is rarely of interest in the topics reviewed here, but
it is touched on in sections 5.1.4 and 6.3.3. Elsewhere it is
assumed that 
σ ≡ 0 so that 
τσ = 0.
In summary, this section has shown that the magnetic
 and
curtain permits observation of only the largest (L > L)
slowest (τ > 
τσ ) field variations at the CMB, for which the
potential field of section 2.1 applies above the CMB.

(8d)

Detailed knowledge of the deep field is hidden behind the
magnetic curtain.
The extent to which the magnetic curtain is detrimental to
knowledge of the geomagnetic field at its source is illustrated
in figure 4, which shows the radial magnetic field of Earth
(top row) and a numerical geodynamo simulation (middle
and bottom rows) at the surface (left column) and CMB
(right column). Numerical simulations are not veiled by any
magnetic curtain, and so the full spectrum (within numerical
resolution) is visible at the CMB. This full-spectrum field
is shown in the bottom row of figure 4, which illustrates
that, although the surface field is not strongly affected, the
inclusion of higher order terms produces a CMB field map
that is substantially different from the truncated version. This
shows how drastically the magnetic curtain limits observations
of Earth’s field at its source.
So far time, t, has been carried along in the analysis but has
, the focus of the
had no part in it. The time dependence of B
next section, induces currents and fields within the mantle and
crust, because they are not perfect electrical insulators. Time on the CMB induces electric currents, particularly
varying B

3. Time dependence
3.1. Historical secular variation
Earth’s field varies on a vast range of time scales. Changes
on time scales of years to centuries are part of what is called
the (geomagnetic) secular variation or (G)SV. Much longer
times are studied today, and the use of ‘secular’, as meaning
enduring over a long period of time, is an anachronism. The
GSV has been directly measured and recorded for the past four
centuries, owing mostly to the importance of D for maritime
navigation (Jackson et al 2000). Part of the GSV that attracted
early and lasting attention is the westward drift of magnetic
features, particularly isolines of Y and D near Europe. The
drift is far from uniform and not entirely westward. Ten
6
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Figure 5. Radial magnetic field B
(bottom panels). Data from observations in 2004 are taken from the xCHAOS model of Olsen and Mandea (2008) for   13.

different ways of analyzing it are given in section 12.3 of
Langel (1987). Whether it is a permanent feature of the field
is unknown and sometimes doubted. As even its reality or
otherwise is inessential for this article, we ignore it below,
except in section 7.5.
Information about the time dependence of D, I and F
has been gathered in historical times mainly in the past 4, 3
and 2 centuries, respectively; it is called the historical secular
variation (HSV) (Jackson et al 2000). During this time, the
field has been dipole dominated, with a moment, m, that has
decreased at a rate of about 5% per century, which is faster
than the natural diffusive decay rate; see section 5.2.1. Also,
several small abrupt changes, called ‘geomagnetic impulses’
or ‘jerks’, have occurred on a worldwide basis. The origins of
these are unknown. We ignore them here, but see Courtillot
and LeMouël (1984), Mandea et al (2010).
Today, the Earth’s field is constantly monitored by a global
array of ground based observatories and dedicated satellites.
Figure 5 shows an example of such measurements, taken from
the xCHAOS model of Olsen and Mandea (2008). The left
r at the surface (r = a)
panels are maps of Earth’s radial field B
and CMB (r = ro ). The right panels show secular variation as
r for the surface and CMB. If the magnetic curtain could
∂t B
be pierced, the lower panels would show much greater detail
from the high  harmonics; see figure 4.
Such maps of secular variation are made possible by
measurements of the time derivatives, ġm and ḣm
 , of the Gauss
coefficients. These measurements also permit analysis of the
spectra of secular variation which, in analogy with (8a), is
defined as

 a 2+4

2
A (r, t) =
( + 1)
[(ġm (t))2 + (ḣm
(10a)
 (t)) ]
r
m=0

27

10

Magnetic Energy
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Figure 6. Estimates of magnetic (circles) and kinetic (squares)
energy spectra for   13 at the surface of Earth’s core,
using (10d, e).

correlation time (Stacey 1992):

1/2

m
m
2
2
R 1/2
m=0 [(g (t)) + (h (t)) ]
cor

τ =
= 
.
m
m
2
2
A
m=0 [(ġ (t)) + (ḣ (t)) ]
(10b)
If changes in the large scale field at the CMB are directly related
to flow there, the speed of such flow for each  can be crudely
estimated as
U = 2π ro / 
τcor ,
(10c)
which leads to estimates of the core’s magnetic and kinetic
energy spectra:
M =

1
R (ro )Vo
2µ0

and

K =

1
Mo U2 ,
2

(10d, e)

where Vo (≈ 1.77 × 1020 m3 ) is the volume of the core and
Mo (≈1.8 × 1024 kg) is its mass. See figure 6. As (10d, e)

(Lowes 1974). From this spectrum, a characteristic time scale
can be derived for each harmonic , sometimes called its
7
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this record was fully recognized in the 20th century, and led to
some of the most striking advances in the whole of geology and
geophysics. These have benefitted from the greatly improved
dating of materials through their radioactive content.
Arch(a)eomagnetism is the branch of archaeology that
studies the magnetic field retained by ancient manmade
objects at the time they were created. (See Gubbins and
Herrero-Bervera 2007.) Paleomagnetism seeks to find and
interpret the magnetism acquired by rocks at birth but, because
this may change subsequently for a myriad of reasons, another
subject, called rock magnetism, is intimately involved. This
studies processes that modify the magnetization of rocks. We
do not discuss archaeomagnetism and rock magnetism below.
Paleomagnetism may be divided into the magnetism of
igneous rocks such as lavas, and of sedimentary material such
as deposits at the bottom of lakes and oceans. Igneous rocks
acquire their magnetization as they cool through the Curie
points of the magnetic minerals they contain. Sediments
become magnetized while in solution as the magnetic grains
they contain orientate themselves parallel to the prevailing
field; they remain orientated after settling and becoming
fixed in the sediment. Each approach has its strengths and
limitations, which need not be described in detail here, though
we give a few examples. As volcanic eruptions are sporadic,
igneous rocks never provide a continuous record. Their
magnetization is, however, stronger than that of sedimentary
rocks, from which absolute intensities, F , cannot be easily
extracted. A sediment from an ocean core can however give
relative intensities at different depths, and these correspond to
different geological ages.
Turning now to the spectacular successes of
paleomagnetism, one thinks first of continental drift, polar
wandering, Pangea B and all the striking geological information that has emerged, but these topics are scarcely relevant
here. We confine ourselves to the very impressive discoveries
about the paleomagnetic secular variation (PSV), the behavior
of the magnetic field over geologic time. The subject deserves
more space than we can give it. Readers might enjoy the entertaining book by Glen (1982). Many publications describe
in detail how data is evaluated and interpreted. See for example Merrill et al (1996) and numerous papers in Kono (2006)
and Gubbins and Herrero-Bervera (2007). The character of
the PSV may be summarized as follows:

Figure 7. A core flow inversion map from Holme and Olsen (2006),
with permission. The inversion assumes frozen flux and tangential
geostrophy; see section 5.2.1 and Finlay et al (2010a).

 and ∂t B
 at the CMB, they should be
are derived only from B
regarded as preliminary estimates.
High resolution satellite data are used to reconstruct
core surface flow, U (θ, φ, t), from the secular variation of
the vertical field, Z(ro , θ, φ, t), obtained by extrapolating
Z(a, θ, φ, t) downwards, as described in section 2.2. The
technique is based on the frozen flux approximation (FFA),
which will be described in section 5.2.1. Here we note only
that u = 0 on the CMB by the so-called ‘no-slip’ condition,
and that the FFA seeks u at r = ro− , i.e. just beneath a thin
boundary layer on the CMB. Although ur = 0 on r = ro ,
there are upwellings and downwellings from r = ro− into and
out of the boundary layer so that ∇ · u does not vanish at
r − ro− . The FFA assumes that fast, large scale motions of an
electrical conductor will sweep field lines along as unresisting
passengers (field lines being defined as curves parallel to
the instantaneous B ). This approximation relates Z(ro , t)
to u at r = ro− , i.e. U (θ, φ, t). Since however U has two
non-zero (tangential) components but Z(ro , t) has only one,
an additional assumption is required to determine U . Several
have been proposed, some of which add dynamical ingredients.
The results of such SV inversions are maps of U , one of
which is shown in figure 7. Different inversion methods lead
to different U and to disputes about the merits of different
inversion methods. These disputes are difficult to resolve in
part due to limitations imposed by the magnetic curtain. The
magnitude of core flow near the CMB is typically found (Finlay
and Amit 2011) to be about
U = 4 × 10−4 m s−1

and

τO = ro /U = 200 yr

1. VGP; VDM; paleomagnetic poles. Data taken from a
single site may be conveniently re-expressed in terms of
the dipole moment, m, of a single geocentric dipole. A
point where the axis of this dipole meets the Earth’s surface
is called a virtual geomagnetic pole (VGP). It is virtual
because it is derived on the assumption that only the  = 1
terms are present in (7). Because of the missing harmonics
for other , the VGP is a function of site location. This
is also true of the magnitude |m| of m, which is called
the virtual dipole moment (VDM) and can be determined
only if F is available at the site. The VGP and VDM
depend not only on site but also on time, through the PSV.
This fluctuation in the VGP may be removed by taking
the local time average, over a period of 104 –105 yr. The

(10f, g)
will be taken as characteristic of fluid circulations in the
core, an eddy overturning time. The observationally inferred
estimate (10f ) for the typical magnitude of core flow will
be used everywhere below and, importantly, is in principle
sufficient for magnetic field generation (see section 5.1.1).
3.2. Archaeo- and paleomagnetism; paleomagnetic secular
variation
Geological processes continuously create new material and,
thanks to minerals it may contain such as magnetite, it may
preserve a magnetic record of its birth. The importance of
8
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million years before present

Figure 8. Time-averaged CMB field over 0–0.5 Myr from lava and
sedimentary data (Johnson and Constable 1997). This material is
adapted from Johnson et al (2008) with permission from John
Wiley & Sons, Inc. Copyright 2008.
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Figure 10. Histogram of polarity intervals for the past 330 Myr.
From Merrill et al (1996), with permission.

N (normal) or R (reversed), according as to whether m
is negative or positive. The 4 most recent chrons are
named after scientists who made notable contributions
to paleomagnetism and geomagnetism. They are the
Brunhes (780 kyr BP–present), Matuyama (2581–780 kyr
BP), Gauss (3580–2581 kyr BP) and Gilbert (5894–
3580 kyr BP), where BP = Before Present. In contrast,
some polarity states, called subchrons, are short-lived,
enduring for at most a few times 105 yr. These are named
after places not people. For example, the Jaramillo N
subchron was from 1070–990 kyr BP, and the Réunion N
subchron only from 2150–2140 kyr BP.
Polarity transitions are not as abrupt as they might seem
from figure 9, but take a finite time, τrev , to complete.
We take τrev ≈ (1–10) × 103 yr this being uncertain as
the beginning and end of a reversal transition cannot be
precisely defined (e.g. Clement 2004; Valet et al 2012).
It seems that the magnetic poles may have followed
preferred longitudinal paths during recent reversals
(Valet et al 2012). The frequency of reversals varies
over geologic time, but statistical analysis suggests that,
over periods longer than τrev , reversals are almost random
events, statistically approximating a Poisson process; see
Merrill et al (1996) for more sophisticated statistical
treatments. It must be particularly emphasized that,
although many attempts have been made to find significant
differences between N and R states, none have been
discovered.
3. Superchrons. Sometimes, though rarely, a chron lasts for
107 –108 yr, and is then called a superchron. Examples
are the Cretaceous N superchron (120.6–83.0 Myr BP)
and the Permo-Carboniferous (Kiaman) R superchron
(312–262 Myr BP); there is evidence of another
superchron in the Ordovician epoch (488–444 Myr BP).
The reversal frequency and field strength diminish as
a superchron is approached and increase after it. The
irregularity of reversals is seen in the histogram on the lefthand side of figure 10, but the right-hand side shows two
remote outliers, the Cretaceous and Kiaman superchrons.
These indicate that superchrons do not conform with the
Poisson distribution described above.

Figure 9. A timeline of geomagnetic polarity reversal occurrences.
Data extracted from Kent and Gradstein (1986).

result is called the paleomagnetic pole and is the focus of
most paleomagnetic research.
A significant way of interpreting paleomagnetic pole
r at the
positions is suggested by figure 8, which is B
CMB, averaged over the last 0.5 Myr. The result is
dominantly that of an axial dipole, with its axis parallel
to the current direction of the Earth’s angular velocity,
Ω . This idea led to the geocentric axial dipole hypothesis

(GAD hypothesis), which asserts that the average of B
over a period of order 104 –105 yr is the field (6a) of an
axial dipole, m̄ = m̄(t)1z , where m̄(t) is the virtual dipole
moment and 1z is in the direction of the geographical axis
for that period. The main significance of the hypothesis
for the present article is its demonstration that the rotation
of the Earth is important in determining its magnetism;
see section 6.3.
2. Polarity reversals; chrons, subchrons.
Often and
irregularly over geologic time, the earth’s magnetic
polarity has changed sign; see figure 9. A polarity
epoch, or chron, is when m(t) of one sign endures for
more than about 105 yr. The sign of m is denoted by
9
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4. Excursions. A fluctuation may carry the paleomagnetic
pole far from the nearest geographic pole. The fluctuation
is called an excursion if the paleopole moves within 45◦ of
the equator, without a reversal taking place. Alternatively,
the paleopole may cross the equator briefly before
returning to its original hemisphere, in what is sometimes
termed a ‘cryptochron’. Excursions are extreme examples
of what is sometimes termed ‘dipole wobble’. See Laj and
Channell, pp 373–416 in Kono (2006).
5. Small fluctuations. The (virtual) dipole moment, m(t),
fluctuates within a chron. Its average over the past 10 Myr,
for which data is abundant, is 7.8 × 1022 A m2 (Kono and
Tanaka 1995), which is approximately its present value.
Even in the preCambrian, the PSV and field morphology
seem to have been similar. The time scale over which
m(t) varies is of order 104 yr, during which it remains
within a factor of order 2–3 of its average value; see
Gubbins and Herrero Bervera (2007). For a discussion
of paleointensities, see Tauxe and Yamazaki, pp 509–563
in Kono (2006).

The dynamo hypothesis was originally made in 1919 by
Joseph Larmor to explain the magnetism of the Sun and Earth.
It now finds applications to planets, stars and galaxies. In
the remainder of this article it is applied to the Earth alone.
Dynamo theory comes in two varieties: kinematic theory and
MHD theory, aka ‘fully self-consistent theory’. We avoid
the latter terminology as there is nothing inconsistent about
kinematic theory. At worst, it might be called ‘incomplete’,
because it examines only the electrodynamics of dynamos, the
task of finding a self-excited B for given fluid velocity, u. In
contrast, MHD theory embraces both the electrodynamics and
fluid dynamics of finding B and u for a given dynamic forcing.
The next section is devoted to kinematic theory alone.
It may be wondered why an entire section is required,
as commercial dynamos have been serving man since
Werner Siemens invented them in the mid-nineteenth century.
Although the commercial machine is well understood, it is
an asymmetric and multi-connected device that does not at all
resemble the simply-connected and symmetric Earth’s core. At
first it seemed entirely possible that electric currents generated
by motions in the core would be completely short-circuited
by such simple topology. To focus on this central point,
Edward Bullard defined the homogenous dynamo, a model
having the same electrical conductivity, σ , everywhere within
a simply-connected volume such as a sphere surrounded by
an electrical insulator containing no magnetic sources. The
question is, ‘Can this maintain a magnetic field?’ This poses a
well-defined mathematical problem that is studied in the next
section. No solution was found until nearly 4 decades after
Larmor’s original suggestion.

PART 2: Interpretations
4. The geodynamo hypothesis
We now stop describing the geomagnetic field and ask about
its origin. As we have seen, the first theory of geomagnetism
that could properly be called a theory was Gilbert’s in 1600,
but the discovery of the SV soon made it untenable. Permanent
magnetism having been eliminated, the only viable alternative
was the magnetic field that accompanies the flow of electric
currents, but how are these generated? This remained a
mystery until the 20th century, when an improved knowledge
of physics created an awareness of several rival possibilities.
For example, it is possible that the difference in the physical
nature of the core and mantle would lead to differences
in electrical potential on the CMB of thermoelectric and/or
electrochemical origin. Might these drive the required electric
currents? Indications are that the potential differences are too
weak, but it is unnecessary to demonstrate this, as geomagnetic
theory today has one unanswerable blanket objection to every
mechanism that has so far been proposed except one. By
now, all theories have been abandoned except the Geodynamo
hypothesis: the geomagnetic field is the magnetic field that
accompanies the flow of electric current created by a selfexcited dynamo operating within the Earth.
The unanswerable objection that rival theories cannot
plausibly surmount is a consequence of the fact, recorded in
section 3.2, that reversed and normal states of the geomagnetic
field are statistically indistinguishable over the entirety of the
paleomagnetic record: if the magnetic field B is possible, −B
is equally possible. This is a deathblow for rival theories.
While there is no denying, for example, that thermoelectric
and electrochemical potential differences exist on the CMB and
that they generate electric currents, these cannot be significant.
If they were, the B ←→ −B symmetry would be marred.
But this symmetry is a property of the self-excited dynamo;
see section 6.2.

5. Kinematic geodynamo theory
5.1. Pre-Maxwell electrodynamics
For simplicity, the existence of the solid inner core will be
ignored in this section and often in later sections; the core will
be denoted by Vo and be entirely fluid. The inner core will be
restored in parts of section 6. Henceforth D will denote the
depth of the fluid core: D = ro − ri = 2255 km.
5.1.1. The induction equation. Magnetic Reynolds number.
The foundations of pre-Maxwell theory were laid in
section 1. Important ingredients were the permeability
µ0 = 4π × 10−7 H m−1 and the electrical conductivity of the
fluid, σ . Electrical conduction is a diffusion process, with
magnetic diffusivity η = (µ0 σ )−1 . Pure iron, which melts at
standard pressure at Tm = 1535 ◦ C, has σ = 7×105 S m−1 and
therefore η = 1 m2 s−1 in liquid form at that temperature. For
comparison, other liquid metals are: Ni, with η = 0.7 m2 s−1
at Tm = 1453 ◦ C; Cu, with η = 0.2 m2 s−1 at Tm = 1083 ◦ C;
Hg, with η = 0.7 m2 s−1 at Tm = −39 ◦ C; Na, with
η = 0.08 m2 s−1 at Tm = 98 ◦ C; and Ga, with η = 0.2 m2 s−1
at Tm = 30 ◦ C (Iida and Guthrie 1993). Under the immense
pressures within the core of more than 100 GPa, the liquid iron
alloy may be an even better conductor. Recent estimates give
σ = 1.1×106 S m−1 , and therefore η = 0.7 m2 s−1 , for an iron
mixture under core conditions (Pozzo et al 2012). We adopt
10
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sources in 
V. This is a linear mathematical problem, i.e. if B
is a solution, so is k B , for any constant k. If the given u is
time independent, B can be expressed as a linear combination
of normal modes, of the form

this latest value in this article, although it creates an interesting
difficulty; see section 5.2.1.
Equations (1a), (2a) and (3) lead directly to the heart of the
kinematic dynamo, the induction equation, which is studied in
this section. It is derived by eliminating E and J to obtain

B (x, t) = B0 (x) exp(λt),

∂t B = ∇×(u×B ) − ∇×(η∇×B ),
 


field creation

where

(13a, b)

field destruction

∇ · B = 0,

in Vo .

is the mode’s complex growth rate, ς∗ and ω∗ being real. A
mode for which ς∗ = 0 is called marginal. A marginal mode
is called critical when every other mode is either marginal or
subcritical (ς∗  0). A critical state, if it exists, separates
a non-dynamo (Rm < Rmc ) from a self-excited dynamo
(Rm  Rmc ), Rmc being the critical magnetic Reynolds
number. It is self-excited because B is created entirely by
electric currents flowing in Vo . From an arbitrary initial state,
B becomes dominated by the mode(s) of largest ς∗ and, if
Rm > Rmc , this (these) become(s) infinite, an unrealism
removed by the nonlinearities of the MHD models of section 6.
For those models, u is usually time-dependent, and it is more
difficult to distinguish a dynamo from a non-dynamo. It is
generally accepted however that a numerical integration over
a time interval comparable with the diffusion time defined
by (20), during which u is on average is steady and B on
average does not decrease, is a dynamo. It does not suffice to
prove that the magnetic energy initially increases.

(11a, b)

In planets such as Jupiter and Saturn, σ varies strongly
with r, but it varies by only about 10% across Earth’s core,
and we shall take η as constant. Then (11b) and the vector
identity ∇×(∇×B ) = ∇(∇ · B ) − ∇ 2 B imply
∂t B = ∇×(u×B ) + η∇ 2 B

and

∇ · B = 0,

in Vo .
(11c, d)

Remarkably, at the CMB where ur vanishes, the radial
component of (11c) involves only Z (= −Br ):
∂t Z + (ro sin θ )−1 [∂θ (uθ Z sin θ ) + ∂φ (uφ Z sin θ )] = η∇ ∗2 Z,
(11e)
where ∇ ∗2 is the modified diffusion operator:
r 2 ∇ ∗2 Z =

λ = ς∗ + ıω∗

where

∂2 2
1 ∂
(r Z) +
2
∂r
sin θ ∂θ

sin θ

∂Z
∂θ

+

∂ 2Z
sin θ ∂φ 2
(11f )
1

2

(Amit and Christensen 2008). We return to (11e) briefly in
section 5.2.1.
Solutions to (11a, b) or (11c, d) are self-excited only if
, in the exterior,
they are continuous with a source-free field, B

V, of the core. It is therefore required that

B=B

on

r = ro ,

5.1.2. Magnetic energy. To justify the designation beneath
the terms in (11a), one multiplies by µ−1
0 B· and derives
∂
∂t

(11g)

∂
∂t

(11h)

or

UD
Rm =
.
η

J2
−∇·
σ

E ×B
µ0

(14a)

.

2
B
2µ0

= −∇ ·


×B
E
.
µ0

(14b)

Summing (14a, b) and integrating over all space, the flux terms
cancel because B and 1r ×E are continuous, so that

Solutions of (11a, b) or (11c, d) are characterized by the
magnetic Reynolds number:
|u×B |
Rm =
|η∇×B |

= −u · (J ×B ) −

When the last term involving the energy flux E ×B /µ0 is
integrated over the core, Vo , it gives the magnetic energy
passed through the CMB to the insulating region 
V above it:

 is the source-free potential field of section 2.1 for
where B
which Vext = 0. After a solution B has been derived, the
electric field, E , can be obtained from (3) as
E = −u×B + η∇×B .

B2
2µ0

∂t M = F − Qη ,

(12a, b)

where

M=
V∞

B2 3
d x
2µ0

(14c, d)

This takes its name from the (kinetic) Reynolds number,
Re = U L/ν, where ν is kinematic viscosity; Re has long been
used to quantify the competition between inertial and viscous
forces in the fluid momentum equation. Similarly, Rm is used
to estimate the global ratio between magnetic induction and
diffusion. In qualitative discussions, Rm is often regarded as
a function of position that locally measures the ratio (12a).
Assumptions made between the locally defined (12a), and
the global estimate (12b) are based on |∇×B | = B/D and
|u×B | = UB, where B is a typical field strength. For the
core, U = 4 × 10−4 m s−1 and Rm = 1300.
The specification of the kinematic dynamo problem is now
complete; u is given and B is to be found that solves (11a, b)
 that has no
or (11c, d) and also joins continuously with a B

is the total magnetic energy inside and outside the core,
, and
M = Mc + M
Qη =

µ0 ηJ 2 d3 x,
Vo

F =−

u · (J ×B )d3 x,
Vo

(14e, f )
are the ohmic dissipation and the rate at which magnetic energy
is acquired from kinetic energy as the motion u works against
the Lorentz force J ×B . The integral for M is over V∞ , i.e.
all space; the other integrals are only over the core, Vo .
A dynamo will be called ‘steadily operating’ if its timeaveraged magnetic energy, M̄τ , is constant, where this notation
means that the average is over a time of order τη , the magnetic
11
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time constant defined by (20). By (14c), F̄ τ = Q̄τη . In order
of magnitude
Q̄τη = µ0 ηJ 2 Vo ,
(15)

Equations (16e, f ) show that, outside of the dynamo
region,
∇ 2 S = 0,

where J is a typical current density. It is tempting to say that
similarly F̄ τ = UJ BVo but that clearly is an overestimate if
the direction of J and/or u is correlated with that of B . In the
solar corona for example B and ±J are almost aligned because
the Lorentz force, J ×B , would otherwise be too dominant.
Similarly, for the less extreme environment of Earth’s core,
some degree of correlation seems inevitable. Correlation
between u and B , created by EM induction processes, is
described in section 5.2.2.

×

BS = ∇×(∇×(Sr )).

where

ro ∂r Sm (ro , t) + ( + 1)Sm (ro , t) = 0,

∞ 



µ0 JT = −∇×((∇ 2 S )r ),

5.1.4. Detection of toroidal fields. It was recognized in the
preceding section 5.1.3 that the toroidal field BT has no radial
component. It does not exist in an electrically insulating mantle
and is trapped in the core. It may therefore be much larger than
the poloidal field BT in the core inferred from the observed
 at the Earth’s surface, so that M
/M might be very small,
B
most field lines closing in the core and not escaping into the
mantle. This point was made by Walter Elsasser (1947), who
first recognized the geophysical importance of toroidal fields.
It was also seen in section 5.1.3 that toroidal field is created
by poloidal electric currents. These leak into the mantle,
provided the mantle conductivity 
σ is not actually zero. If
it were zero, the electric field of the surface charges on the
CMB that confines the poloidal currents to the core would still
penetrate into the mantle. The possible detection of J and/or
 at the Earth’s surface is of considerable interest, since it
E
could lead to an estimate of BT in the core (Roberts and
Lowes 1961), about which nothing is known from observation.
In section 5.4.3, kinematic models of two types of dynamo
are identified, αω-models and α 2 -models. Which of the
two resembles the geodynamo better becomes a significant
question in section 7. The models differ by the strength of
the ω-effect, to be described in section 5.2.2. If the ω-effect is
|BS |; otherwise
strong, the dynamo is of αω-type and |BT |
these fields are comparable and the dynamo is of α 2 -type.
 can be measured at the Earth’s surface to
In principle, E
determine |BT | near the CMB. In practice, this is a challenging
measurement to make (see, e.g. Lanzerotti et al (1992)). To
circumvent some of these challenges, attempts at measuring
Earth’s global field have utilized transoceanic submarine

(16d, e, f )

Sm (r, t)Pm (θ )eımφ ,

∞ 



Tm (r, t)Pm (θ )eımφ .

(16g, h)

=1 m=0

These expansions are used in currently the most popular
numerical method of integrating dynamo equations; see
section 7.1. This also usually assumes that the fluid is
incompressible (∇ · u = 0), so that u and the vorticity
ζ (= ∇×u) can be expanded as in (16a–f ), e.g.
u = uT + uS ,

where

uT = ∇×(Tu r ),

uS = ∇×(∇×(Su r )),

Tm (ro , t) = 0.

These will be referred to later as the dynamo conditions, a
name that seems preferable to the clumsy ‘no-external-sources
conditions’, but that is what (18g, h) are. They obviate the
 by automatically ensuring that there are
need to solve for B

no sources in V.

=1 m=0

T = Re

(18c)

(18g, h)

Toroidal BT and JT have no radial components. This
means that S and T can easily be extracted from Br and Jr .
The radial components of (11c) and its curl give two scalar
equations for the evolution of Sm and Tm in the complex
harmonic representation of S (r, θ, φ, t) and T (r, θ, φ, t):
S = Re

m
[gm (t) cos mφ + hm
 (t) sin mφ]P (θ ).

and imply, for all  and m ( ),

(16a, b, c)

µ0 JS = ∇×(∇×(T r )).




 and B are linked across So by (11f ), which
The fields B
requires
,
S=S
∂r S = ∂r S,
T = 0, on So ,
(18d, e, f )

Space limitations do not permit a detailed description of the
properties of (16a–c) and we mention here only a few; for
more see, for example, Backus et al (1996). The curl of a
toroidal vector is poloidal and conversely. Therefore, by (2a),
the torpol representation of J is similar to (16a–c):
J = JT + JS ,

(18a, b)

m=0

BT = ∇×(T r ),

where

in 
V.

Equation (18a) has the same form as (4d) and has a similar
solution when sources are absent in 
V:
∞



+1
1 a
(r, θ, φ, t) = a
S
 r
=1

5.1.3. The torpol representation. A convenient numerical
approach to spherical dynamos is based on the torpol
representation of B , which automatically obeys (1b) by
introducing two functions, the toroidal and poloidal scalars,
T (r, θ, φ, t) and S (r, θ, φ, t), such that
B = BT + BS ,

 = 0,
T

(17a, b, c)

where Su and Tu are represented in a similar way to (16g, h).
As ur = 0 on CMB and ICB, Su (ro ) = Su (ri ) = 0; further
restrictions are necessary if the no-slip conditions are enforced
on these surfaces. In kinematic models, where u is specified,
highly truncated expansions of Su and Tu are usually chosen.
In the Dudley and James (1989) models of sections 5.3.4
and 8.1.3, they each have only a single term.
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cables, often out-of-service communications lines. These are
coupled to the mantle (grounded) at each end, and the measured
voltage drop gives a large scale electric potential difference.
Before these already difficult measurements can be applied
to |BT |, several additional field sources, including oceanic
induction, must be accounted for. So inferences only weakly
constrain the toroidal contribution: |BS | < |BT | < 100|BS |
(Shimizu et al 1998). Unfortunately, this does not indicate
whether the ω-effect is important, but the accumulation of
decadal-scale time series measurements of the geo-electropotential field may permit tighter constraints in the future
(Shimizu and Utada 2004).

‘turbulent diffusion’ of magnetic field. Turbulence in Earth’s
core is a theme floated in section 5.4.2 and then runs deep
through this article. A line of force in a turbulent conductor
can be thought of as the superposition of fluctuations about
some mean. The fluctuations have small length scales and
correspondingly short magnetic diffusion times. The net effect
can increase the diffusion rate of the mean field and shorten
its effective decay time such that reversals may occur on such
fast 1000 yr time scales. This matter will be taken further in
section 5.4.2.
Consider next the other extreme, Rm = ∞, for which the
fluid is a perfect electrical conductor, η = 0. Equation (11c)
becomes
in Vc .
(21)
∂t B = ∇×(u×B ),

5.2. Extremes of Rm and finite Rm

This is well known and well understood because of its
consequence:

5.2.1. Free decay; frozen flux; Alfvén’s theorem. Some
feeling for solutions of (11c, d) may be gleaned from the
Rm = 0 and Rm = ∞ limits. First consider Rm = 0 for
which (11c) is
∂t B = η∇ 2 B ,

in Vc .

Alfvén’s theorem:

(19a)

This is a familiar diffusion equation, though for a vector B ; the
torpol representation reduces it to two sets of scalar diffusion
equations
∂t Sm = η∇2 Sm , ∂t Tm = η∇2 Tm ,
where r 2 ∇2 = dr (r 2 dr ) − ( + 1).

This is sometimes called the ‘frozen flux theorem’, for obvious
reasons. Proofs can be found in many places, e.g. Gubbins
and Herrero Bervera (2007). The theorem has two important
implications: first, field trapped in a perfect conductor never
leaves it and, second, a perfect conductor can never acquire
new flux. These imply that the topology of magnetic field
lines never changes. The theorem therefore says nothing about
dynamo action. It does however provide ways of picturing
dynamo processes that are sometimes helpful, particularly for
the large scales of B . It shows how fluid motions can intensify
B by stretching field lines and crowding them together. The
resulting increase in magnetic energy M can be visualized
through Faraday’s picture of field lines in tension that mutually
repel. More formally, Maxwell realized that the Lorentz force
J ×B is equivalent to a tension of B 2 /µ0 in each field line and
a magnetic pressure of B 2 /2µ0 :

(19b, c, d)

One expects that, when there are no external sources,
all solutions B of the induction equation for Rm = 0 will
eventually disappear. To confirm this, one seeks solutions
of (19b, c) of the form (13a). For any  and for each of
(19b, c), there is one family of such decay modes proportional
sin
to Pm (θ ) cos
mφ. To exclude external sources, the function
of r of proportionality must obey (18g or h) as appropriate.
Each gives a dispersion relation having an infinite number of
distinct negative solutions, the decay rates −ς∗ . The smallest,
giving the longest-lived decay modes, is −ς∗ = π 2 η/ro2 and
belongs to the  = 1 family of S , corresponding to the three
components of the dipole field. Their e-folding time is
τη = ro2 /π 2 η ≈ 6 × 104 yr.

Magnetic flux tubes move
with a perfectly conducting
fluid as though frozen to it.

(J ×B )i = ∇j mj i ,

(20)

We call this the EM time constant. As the age of the
geomagnetic field exceeds 109 yr, a source of new flux must
exist: the geodynamo. Diffusion times based on different
choices of length scale can also be useful. For instance,
from the hem of the magnetic curtain, max = 13, we obtain
τηhem ≈ 2000 yr.
An interesting issue is how τη is related to the time, τrev ,
taken for the completion of a polarity reversal. Estimates for
the latter fall roughly in the range 103 –104 yr, made primarily
using measurements of the thermal remanent magnetization
of lava flows contemporary with several of the most recent
reversals (Clement 2004; Valet et al 2012). During the course
of a polarity reversal, the axial dipole field component must be
destroyed and then regenerated, and so it may be surprising that
this process can occur faster than the natural decay rate of the
dipole, τrev < τη . The answer to this apparent mystery is the

where

mij =

1
1 2
Bi Bj −
B δij
µ0
2µ0
(22a, b)

is the magnetic stress tensor. In a perfect conductor, these
stresses are those the fluid experiences through being tied to
the field. They help core MHD to be interpreted.
Suppose that the core obeyed Alfvén’s theorem. Magnetic
flux from the CMB would be merely rearranged by the core
surface motion, U (θ, φ, t) (≈ u(ro− , θ, φ, t). This is the
velocity at the lower edge, r = ro− , of the thin boundary layer
that enforces the no-slip condition at the CMB. The motion
, the magnetic energy M
 stored in 
U changes B
V, the dipole
moment m, and all other multipole moments. It suggests a
: the frozen flux
way of interpreting the secular variation of B
approximation (FFA), already mentioned in section 3.1. The
surface motion conserves both the magnetic flux through any
co-moving patch of the CMB and the unsigned flux through the
entire CMB. This may be seen by defining a null-flux curve, ∂t s,
on the CMB as a curve on which the vertical field, Z, vanishes.
13
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At least one such curve exists, the magnetic equator, which is
located fairly near to the geographic equator. According to the
FFA, null-flux curves are carried along the CMB by U , not
only preserving their identity, but also the flux they contain.
This follows from (11e) with η = 0, which gives
Z d2 x = constant, independent of t,

Figure 11. Flux expulsion from a rotating cylindrical eddy in a
uniform field directed parallel to short side of the rectangular
crossection of the eddy, which is of length L. Left: streamlines of
the flow, the maximum of which is U ; Center: field lines at time
3L2 /η after motion commences; Right: field lines at time 4L2 /η,
when the field is close to a steady state. The magnetic Reynolds
number, U L/η, is 1000. (After Weiss 1966, with permission from
The Royal Society).

(23)

s(t)

where s(t) is the surface area surrounded by ∂t s (Backus 1968).
Conversely, if (23) holds for every ∂t s, then U exists that is
everywhere finite.
If Z and ∂t Z were exactly known on the CMB, they would
expose failure of the FFA through flux diffusion, via the righthand side of (11e) which is omitted by the FFA. Although U
could be found, it would be infinite on the null-flux curves
because (23) would be violated. Unfortunately exposure of
this failure of the FFA is prevented by the magnetic curtain.
According to section 2.2, only fields of scale greater than
 ≈ 1.7 × 103 km can penetrate the magnetic curtain, and
L
the magnetic diffusion time for these exceeds τηhem ≈ 2000 yr.

Application of the FFA then delivers U that varies on the L
scale and which adequately represents the secular variation
over times of order τηhem and shorter. Figure 7 showed a map
of U derived from the FFA. The numerical simulations of
 and ∂t B
 from (7) and allow the FFA to
section 7 provide B
be tested. As the simulations necessarily use non-zero η, they
expose, as N is increased beyond 13, violations of the FFA over
ever shorter time intervals (Glatzmaier and Roberts 1996b).
This is not surprising but is geophysically irrelevant because
of the curtain. Amit and Christensen (2008) argue from (11e),
however, that U is substantially changed by the addition of
diffusion to the FFA.

Figure 12. A cartoon representation of Alfvén’s flux mill. As a
result of being twisted (a) a magnetic flux tube develops a
kink (b) which detaches from the parent line (c) through
reconnection at R, where misaligned field lines are closest. (From
Roberts (1993), with permission.)

and therefore penetrates into it only a skin depth (η/ω)1/2 .
Applying the idea more generally (with ω = U /D) to motions
U of scale D, we obtain a diffusive scale of LB = Rm−1/2 D.
Results from a numerical simulation are shown in figure 11.
Here the circulation of the fluid is more complicated than
simple solid-body rotation, but the flux expulsion is similar.
Another important effect of finite resistivity is field line
reconnection. A field line drifts relative to a finitely conducting
fluid at speed η/L, where L is the length scale over which B
changes, such as LB or the radius of curvature of the field line.
The speed is greatest where L is smallest, and this is where
topological change proceeds fastest. Alfvén’s flux mill provides
an illuminating example. Alfvén’s (1950) inspiration may
have come from seeing kinks in the cord joining his telephone
handset to its cradle. Such kinks can be created by an instability
similar to that arising in a straight tube of magnetic flux that
is twisted at its ends in opposite directions; see figure 12.
A loop develops and, because the field gradients are largest
at the crossing point R in the cartoon, reconnection occurs
fastest at R. The cartoon supposes it occurs instantaneously
and only at R, though in reality it is a continuous process
happening everywhere. At R, the loop detaches from its parent
line, which straightens again as the reconnected lines of force
spring back. For as long as twisting of the line continues, loops
detach regularly. The process is a flux mill converting the
kinetic energy expended in twisting the tube into the magnetic
energy of the flux loops it creates. Similar examples featuring
reconnection, irreversibility and flux creation will be described
in sections 5.4.1 and 7.2.
Examples such as this suggest that dynamo action is
most proficient where reconnection and induction act on
similar scales, i.e. where a ‘locally’ defined magnetic Reynolds
number UB LB /η is 1. This means that, if LB = Rm−1/2 D

5.2.2. Flux expulsion and reconnection. Finally consider the
reality between the extremes: finite Rm and its consequence:
irreversibility. The geomagnetic field has endured through
most of the Earth’s existence, a time very much greater than
τη ≈ 60 000 yr. There has been ample time for even the largest
scales of B to detach themselves from the fluid, and to be
destroyed if not renewed. Also, the core is very likely in a
turbulent state, in which the small length scales of u would
induce equally small length scales in B were they not to diffuse
away in much less time than τη . The magnetic field is far from
being frozen on these scales, and detachment of field from flow
is commonplace.
One effect of finite resistivity is flux expulsion. Consider
a spherical eddy spinning at angular speed ω in a field
perpendicular to its rotation axis. According to Alfvén’s
theorem, the field intensifies indefinitely as the rotation wraps
it ever more tightly about the axis. This action of a rotational
shearing motion will be called the omega-effect (ω-effect).
It tends to create a field parallel to u, as mentioned in
section 5.1.2. The increasing tension of the field lines
eventually halts the shear and field growth, but also diffusion
expels the field from the eddy, an effect more easily seen in
a reference frame spinning with the eddy, in which the field
outside the then motionless eddy oscillates with frequency ω
14
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is the regenerative length scale, then UB = Rm−1/2 U is the
regenerative velocity scale. The corresponding magnitudes
of field and current are B and J = B/µ0 LB . The ohmic
dissipation (15) in a steadily operating dynamo, is then
Q̄τη = ηB 2 Vo /µ0 L2B .

Herzenberg, Ponomarenko, Roberts and Dudley and James
models are described here, as they inspired successful
laboratory demonstrations; see section 8.
5.3.1. Herzenberg. This model consists of two spherical
rotors, R1 and R2 , each of radius c, completely embedded in
a much larger sphere of the same η, which is stationary and
surrounded by an insulator. The rotors are in perfect electrical
contact with the large sphere and turn steadily with angular
velocities, Ω 1 and Ω 2 , that are different in direction, but the
same in magnitude, Ω. The centers of the rotors are separated
by distance R (> 2c). Provided Ω is large enough, the rotors
can produce currents that are mutually reinforcing. The field,
B1 , created by R1 (as it rotates in the field, B2 , produced by
R2 ) is large enough for R2 (rotating in the field B1 ) to be able
to generate the required B2 . A suitable magnetic Reynolds
number for the dynamo is

(24)

Our estimate of Rm = 1300 gives LB ≈ 60 km,
UB ≈ 10−5 m s−1 and, if B = 3 mT (Buffett 2010;
see section 6.1.4), then J ≈ 0.04 A m−2 and Q̄τη ≈
0.2 TW. A similar conclusion is drawn in Christensen and
Tilgner (2004), though by different means: the authors examine
time scales for ohmic dissipation using dynamo experiments
and simulations. Geodynamo power considerations will be
discussed further in section 6.2.1.
5.2.3. Bounding and antidynamo theorems. A number
of necessary conditions have been derived that place lower
bounds on the Reynolds number below which dynamo action
cannot occur; see Gubbins and Herrero-Bervera (2007). These
necessary conditions are by no means sufficient. Dynamo
theory boasts several theorems defining situations in which
magnetic fields will not regenerate, no matter how large Rm
is, e.g. Busse (2000). The two most significant of these
antidynamo theorems are:
Cowling’s theorem:

RmH = Ωc5 /ηR 3 .

The dynamo functions only if u is non-mirror-symmetric.
Magnetic field is then sustained if RmH exceeds a critical
value, RmH c , of order unity. For RmH = RmH c , the field
is either steady or oscillatory, depending on the orientation of
Ω 1 and Ω 2 .
The convincing mathematical demonstration of Herzenberg
(1958) relied on asymptotic arguments from EM theory that
depended on

A dynamo cannot maintain an
axisymmetric magnetic field.

1 ≡ c/R  1,
Toroidal velocity theorem:

(25a)

A toroidal motion cannot
maintain a dynamo.

2 ≡ η/Ωc2  1.

(25b, c)

These resulted in very significant analytical simplifications,
but allowed 13 /2 (= RmH ) to be of order unity; see Gubbins
and Herrero-Bervera (2007). Advances in computer capability
eventually allowed the Herzenberg model to be demonstrated
numerically for 1 and 2 of order unity; see Brandenburg et al
(1998).

The original demonstrations can be found in Cowling (1933)
and Bullard and Gellman (1954), respectively. Cowling’s
original proof was insightful but incomplete. Braginsky
(1965a) and Ivers and James (1984), demonstrated the truth of
the theorem for respectively incompressible and compressible
fluids. The two theorems have planar analogues that rule out
dynamos with two-dimensional B , i.e. fields independent of
one Cartesian coordinate, and with u that lacks one Cartesian
component. Cowling’s theorem does not rule out dynamos
driven by axisymmetric or two-dimensional flow, as examples
in the next section confirm.

5.3.2. Ponomarenko. In Ponomarenko’s model, motion is
 of which
confined to the interior of a cylinder C, the exterior C
is a stationary conductor of the same magnetic diffusivity, η,
the electrical contact across the interface S being perfect. The
velocity u of C is, as for the Herzenberg model, solid-body
rotation, i.e. a motion that the cylinder can execute even if
solid. The Ponomarenko motion is a combination of a uniform
velocity U along the axis Oz of the cylinder and a rotation about
that axis with uniform angular velocity Ω so that

if s < a,
Ωs1φ + U 1z ,
(26a)
u =
0,
if s > a,

5.3. Four successful kinematic models
Antidynamo theorems initially hampered the progress of
dynamo theory to such an extent that many thought that
homogeneous dynamos might not exist. This state of
uncertainty persisted until two theoretical models established
unequivocally that they did exist; Backus (1958), Herzenberg
(1958). These were somewhat complicated, but a very simple
model was devised by Ponomarenko (1973) that made yet
another model, due to Roberts (1972), more understandable.
Cowling’s theorem does not rule out axisymmetric u as
dynamos, as shown by the Ponomarenko example, and by
the simple models of Dudley and James (1989). The

where a is the radius of the cylinder. The motion in C is
helical, the conductor at distance s from the axis describing a
helix of pitch Ωs/U . The pitch p = Ωa/U on S serves to
single out one model from the complete one-parameter family,
−∞ < p < ∞, of Ponomarenko dynamos. For p = 0,
the motion (26a) is non-mirror-symmetric, the right-handed
screw motion of a model with p > 0 being mirrored by the
left-handed model of the opposite p.
15
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The induction equation (11c) is satisfied by fields also of
helical form:
B = B0 (s) exp[ı(mφ + kz) + λt],

5.3.4. Dudley and James. As well as recalculating every
spherical kinematic model previously published, Dudley and
James devised four ‘simple roll models’ that are successful
dynamos. The motions are axisymmetric and helical, and
represented by simple torpol expansions (17a–c), such as

λ = ς∗ + ıω∗ .
(26b, c)

Possible values of the complex growth rate, λ, are obtained by
solving numerically a transcendental ‘dispersion relationship’,
derived from (11c) and B0 (∞) = 0. The mode (26b) travels in
the direction of ∇(mφ + kz) along the constant s-surfaces as a
‘wave’ that, grows, decays or maintains a constant amplitude,
depending on whether ς∗ is positive, negative or zero. In other
words, the phase of the wave travels along helices of pitch
ks m−1 .
The model functions as a dynamo if the magnetic Reynolds
number,

√ 2
RmP = aUmax /η,
where Umax =
U + (Ωa)2 ,
(26d, e)

Tu = r 2 sin π rP2 (θ ),

(26f, g)

The corresponding wavenumbers and frequency are given by
kc a = ∓0.387 532 . . . ,
mc = 1,
2
a ω∗c /η = ∓0.410 300 . . . .

(26h, i, j )

For more about the Ponomarenko model, see Gubbins and
Herrero-Bervera (2007).

5.4. Mean field electrodynamics
5.4.1.
Helicity and alpha effect. The Ponomarenko,
ABC, Glyn Roberts, and Dudley and James flows regenerate
magnetic field because they possess non-zero helicity, u ·
ζ , where ζ = ∇×u is the vorticity. Helicity was first
introduced by Moreau (1961) and was called ‘Schraubensinn’
(screwiness) by Steenbeck et al (1966), before Moffatt (1969)
gave it its felicitous name. Helicity is a pseudo-scalar, i.e.
a scalar that reverses sign on reflection in a mirror, or under
the transformation x → −x. Lack of mirror-symmetry is a
concept that is even more fundamental in dynamo theory than
helicity. For example, the helicity of the Herzenberg model
of section 5.3.1 is zero but, because of the placement of the
rotors R1 and R2 in the embedding sphere, the dynamo is not
mirror symmetric. The term helicity is now used to describe
other pseudo-scalars appearing in MHD theory, such as

5.3.3. Glyn Roberts. This is one of several in which u
is spatially periodic, the conductor filling all space. The
most famous is the Arnold–Beltrami–Childress (ABC) flow,
defined by
u = (C sin z + B cos y)1x + (A sin x + C cos z)1y

+(B sin y + A cos x)1z .

(27a)

In the Roberts (1972) model, u is two-dimensional, i.e.
depends on only two coordinates, x and y:
u = sin y 1x + sin x 1y + (cos x − cos y)1z .

(27b)

In the xy-plane, the flow resembles a patchwork of vortical
‘cells’, each cell adjacent to four others with opposite vorticity.
Cells with positive z-vorticity have also positive z-velocity
and vice versa. Though it has zero net flow, the system has
positive net helicity (h = u · ζ ), whose importance for flow
generation is discussed in section 5.4.1. Also, flows of this
type are potentially relevant to core motions, since convection
under the influence of Coriolis forces tends to produce similarly
correlated patterns of velocity and vorticity; see sections 6.4.1
and 7.2.
A normal mode solution to (11c) may be written
B = B0 (x, y) exp(ıkz + λt),

h = u · ζ,

where

k > 0.

hX = u · B ,

hJ = J · B ,

hB = A · B ,
(29a, b, c, d)

where A is a vector potential for B , i.e. B = ∇×A. These
are respectively the (flow) helicity, the cross helicity, the
current helicity and the magnetic helicity. Dynamo theory has
investigated the significance of all of these, but only the (flow)
helicity will be studied here.
The importance of helicity was first recognized by Parker
(1955) who devised one in a series of heuristic dynamos that
showed how helpful the frozen flux picture is in visualizing
field regeneration and also drew attention to the importance of
field line reconnection in dynamo processes; see section 5.2.2.
Others, including the famous Stretch–Twist–Fold mechanism,
are described in the book of Childress and Gilbert (1995),

(27c)

where B0 (x, y) is represented by a Fourier expansion in
exp ı(mx + ny). The xy-average of B at t = 0 is
B̄ = B0 (1x cos kz + 1y sin kz),

(28a, b)

Using dimensionless units in which ro = η = 1, their
numerical integrations showed that u = Rm(uT + uS )
regenerates field for Rm  Rmc ≈ 54 when the constant
 is 0.14, the value for which Rmc is least. The flow defined
by (28a, b) consists of two rolls encircling Oz, one filling each
hemisphere. The fluid in the northern (southern) roll moves
eastwards (westwards); in a meridian plane, it moves clockwise
(counterclockwise).
The simplicity of the last three models depends on
the fact that few velocity harmonics are involved. If an
adequately resolved B requires N harmonics and if the
velocity is truncated after NU ( N ) terms, quadratic terms
such as ∇×(u×B ) create only approximately NU N relevant
contributions to the induction equation. But if, as in the full
MHD dynamo equations of section 7, NU ≈ N , there are
about 21 N 2 relevant interactions, a number generally too large
for pure spectral expansions to be practical. The spectral
transform methods described in section 7 are then the preferred
alternative.

is sufficiently large. The most efficient regenerator is
p = ±1.314 067 37 . . . ,
for which
RmP c = 17.722 117 6 . . . .

Su = r 2 sin π rP2 (θ ).

(27d, e)
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called mean field electrodynamics (MFE), which is especially
useful when field generation is accomplished through turbulent
flow with Rm
1. The velocity and field are each separated
into two parts,

u
B

u = ūe + u ,

B = B̄ e + B ,

(30a, b)

where ūe and B̄ e are the ensemble means of u and B over
e
e
the turbulent states, so that ū = B̄ = 0 for the turbulent
fluctuations, u and B . We shall principally have in mind
statistically-steady states, where ensemble means are time
averages. In section 9.2.1, we shall want to make a further
separation that distinguishes the longer length scales, which
are numerically resolvable, from the shorter length scales that
are not. Here we follow the traditional approach, in which the
mean emf is

(b)
R
B

(c)
j

e

u×B = ūe ×B̄ e + u ×B .

B

(30c)
e

The next step is to find a good approximation for u ×B
that depends only on the mean field B̄ e . This is the objective
that defines MFE. In kinematic theory, u is specified and,
when turbulent, ūe and the statistical properties of u are
assigned. The simplest choice for the latter is isotropy, for
which the statistics of u are the same for all directions. True
isotropy implies that they are also invariant under coordinate
reflection; pseudo-isotropy means that they are not. Then MFE
shows that
e
u ×B = α B̄ e − β ∇×B̄ e
(30d)

Figure 13. A cartoon representing Parker’s mechanism of field
production by the α-effect of helical flow. See the text for a full
explanation. In the cartoon, u and ω denotes the velocity u and
vorticity ζ used in the text; j represents the integrated current
density denoted by J¯ in the text. (From Roberts (2007), with
permission.)

which also considers fast dynamos, a topic not relevant to the
geodynamo, which is not fast. Space limitations allow us to
describe only one heuristic dynamo, that of Parker (1955).
Parker (1955) used Alfvén’s theorem to visualize what
happens when a helical eddy meets a flux rope. If the eddy has
positive h, it may be pictured as a blob of fluid that spins in a
right-handed sense around the direction in which it moves.
Although the inductive effects of u and ζ act together, it
is convenient to consider them sequentially. The motion u
creates an -shaped indentation on the flux rope, as sketched
in figure 13(a). The twisting motion associated with ζ turns
this  out of the plane of the paper (figure 13(b)). The bending
of the flux rope into an  and its subsequent rotation expends
kinetic energy which reappears as the magnetic energy of the
loop. The field gradients are large near the point marked R in
figure 13(b), and diffusion can act rapidly (or instantaneously
in this cartoon) to detach the  as an independent flux loop
which, in the idealization depicted in figure 13(c), lies in the
plane perpendicular to the flux rope. The loops produced by
many such helical eddies can reconnect with one another to
produce the same mean field, B̄ , as that created by a current,
J¯, flowing anti-parallel to the original flux rope. On average,
J¯ = α B̄ /µ0 , where α < 0 because positive h has been
assumed. This is an example of the alpha effect (α-effect).
Parker (1955) denoted the constant of proportionality by Γ ,
but the immense astrophysical influence of the advances later
made by Steenbeck, Krause and Rädler led to their choice, α,
being adopted.

may be a good approximation, where α is a pseudo-scalar that
changes sign on reflection of axes, and β (> 0) is a true scalar
e
which does not. The two parts of u ×B are called the alpha
effect and the beta effect. By (11g) and (30a, b), the mean
electric field is
Ē e = −ūe ×B̄ e − α B̄ e + η̄∇×B̄ e ,

where

η̄ = η + β
(30e, f )

is the total magnetic diffusivity. This exposes β as a turbulent
diffusivity that enhances the decay of the mean field B̄ e . In
true isotropy, there is a β-effect but no α-effect.
The turbulent diffusivity β exceeds the molecular
diffusivity, η, in some interpretations of laboratory
experiments; see section 8. In astrophysical applications of
MFE, β/η is usually enormous. For example, when the solar
cycle is crudely simulated by a reversing αω-dynamo of the
type considered in the next section, τrev is as short as 11 yr
only if β/η = O(106 ). Such a large value may be reasonable
when turbulent fluctuations, u , are large compared with ūe .
Turbulence is not as vigorous in Earth’s core, but β/η may
exceed 1, so that the 103 –104 yr of τrev does not conflict with
the τη = 6 × 104 yr following from Pozzo et al ’s value of
η (see section 5.1.1). By (30e), the mean of the induction
equation (11c) is then
∂t B̄ e = ∇×(α B̄ e + ūe ×B̄ e ) + η̄∇ 2 B̄ e .

5.4.2. Turbulent induction. Heuristic arguments such as this
obviously require additional mathematical support, and this
has not been lacking. A new branch of EM theory developed,

(30g)

For much more about MFE, see Moffatt (1978) and Krause
and Rädler (1980).
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the asymmetry of B and u, i.e. u = ū + u , where ū is the
axisymmetric part of u, obtained by averaging its cylindrical
components over φ. The first terms of Braginsky’s expansion
are (31a–d), with |Ā/ro B̄| and |χ̄ /ro2 ω | of order Rm−1
ω ,
where Rmω
1. (The operative Ā and χ̄ are so-called
‘effective variables’ that depend on, but differ from, those
appearing in (31b, d).) The additional asymmetric motion,
−1/2
u , which is O(Rmω ū), creates an αω-dynamo in which α
can be explicitly calculated from ū and u . See also Soward
(1972) and Soward and Roberts (2014). Braginsky theory is
mathematically more rigorous than MFE and may be relevant
to the magnetostrophic dynamo considered in section 6.3.2.

5.4.3. Mean field models. When the α term is present
in (30g), Cowling’s theorem does not apply to B̄ e , and
self-excited solutions may exist in which B̄ e and ūe are
axisymmetric. We denote the axisymmetric parts of ensemble
averages by an overbar without the superfix e . In the torpol
representation where B̄ = B̄T + B̄S and ū = ūT + ūS (see
(16a, d)), axisymmetric poloidal (toroidal) vectors have no
(only) φ components:
B̄T = B̄(r, θ, t)1φ ,

B̄S = ∇×(Ā(r, θ, t)1φ ),

ūT = s ω (r, θ, t)1φ ,

ūS = ∇×(χ̄ (r, θ, t)1φ ).

(31a, b, c, d)
The toroidal parts are trapped in the fluid; B̄S exists in the
mantle but ūS does not, and χ̄ (ro , θ, t) = χ̄ (ri , θ, t) = 0.
These representations transform (30g) into scalar equations
given in many publications; see for example section 9.1 of
Moffatt (1978). They are
∂t Ā + s −1 ūS · ∇(s Ā) =



α B̄

α source of B̄S

advection of B̄S

+ η∇12 Ā ,


6. MHD geodynamo theory
6.1. The cooling Earth model
6.1.1. The adiabat. From here on we shall focus on the
other side of core MHD: its fluid dynamics. It was seen in
section 1 that both inner and outer cores are made of iron
mixed with unknown elements that make them lighter than
pure iron. It will suffice to lump the unknown together, and
model the core as a binary alloy in which the mass fraction of
light constituents is ξ . The seismically-derived models of the
Earth’s interior referenced in section 1 show that, because of
compression by the weight of overlying material, the density,
ρ, of core fluid increases from 9.9×103 kg m−3 at the CMB to
12.2×103 kg m−3 at the ICB. The density of the inner core on
its surface is 12.8 × 103 kg m−3 . There is therefore a jump in
density at the ICB of ∆ρ = 600 kg m−3 . The mean density of
the fluid core is ρ̄ = 10.9 × 103 kg m−3 .
The relationship between density ρ and pressure P in the
fluid core inferred from seismic data lies close to an adiabat.
This strongly suggests that the fluid core is well mixed, so that
ξ and the specific entropy, S, are very nearly uniform:

(32a)

sink of B̄S

∂t B̄ + s ūS · ∇(s −1 B̄) = s B̄S · ∇ω
 


ω source of B̄T

advection of B̄T

− (α∇12 Ā

+s

−1

∇α · ∇(s Ā)) + η∇12 B̄ ,




α source of B̄T

(32b)

sink of B̄T

where ∇12 = ∇ 2 − s −2 . The second terms on the left-hand
sides merely represent advection of field by ūS , and are nonregenerative. The solutions of (32a,b) must satisfy boundary
conditions equivalent to the dynamo demands (18g, h).
If the term α B̄ in (32a) is absent, Ā lacks any source,
and the dynamo fails; it is only α B̄ that can defeat Cowling’s
theorem. If ω = 0, the alpha source in (32b) is also needed
to maintain B̄ . It can do so, only if the alpha effect is large
enough, as measured by the ‘alpha-effect magnetic Reynolds
number’, Rmα = αD/η. A mean field dynamo which
operates solely through the two alpha terms in (32a,b), without
involving ω , is called an α 2 -dynamo, because it functions
through the product of two α terms. The action of ω on B̄S
is the ‘omega effect’ of section 5.2.2, and is quantified by the
‘omega-effect magnetic Reynolds number’, Rmω = ω D 2 /η.
Rmα , the term involving α in (32b) can be
If Rmω
ignored, and (32a,b) then define the αω-dynamo. When all
terms of (32a,b) are significant, the terminology α 2 ω-dynamo
is sometimes used. Very many solutions of each type have
been published especially in the astrophysical literature. It
has been found that α 2 -dynamos tend to be steady, but that
αω-models tend to produce oscillatory fields (though ūS may
Rmα in an αω-dynamo,
make them steady). Because Rmω
|B̄S |, but B̄φ and |B̄S | are comparable in an α 2 -dynamo
B̄φ
where Rmω  Rmα . We shall see in section 7 that most MHD
dynamo simulations are currently of α 2 type.
Parker’s αω-dynamo, like other similar heuristic models,
is easy to visualize but is very specific, involving highly
localized reconnection. Also, the averaging process leading to
(30e,g) is hard to make rigorous for realistic turbulent flows.
An alternative (Braginsky 1965a, 1965b) is an expansion in

ξ = ξa (t),

S = Sa (t).

(33a, b)

Here the suffix a stands for ‘adiabatic’, although ‘homentropic’
is a more accurate adjective. Time dependence is included
because evolution of ξa and Sa on the long geological timescale
is highly significant. Their time derivatives are denoted by ξ̇a
and Ṡa .
Flow speeds, U , in the fluid core are of order 10−8 us ,
where us is the (P wave) speed of sound. The dynamic
pressure gradient, i.e. the pressure gradient associated with
the core flow, u, is therefore negligible compared with the
thermodynamic pressure gradient, as is the Lorentz force
as will be apparent later. The force balance in the core
is therefore overwhelmingly a hydrostatic one between the
gravitational force and the pressure gradient alone. This
defines a motionless reference state deviations from which
are studied below. The reference state is neutrally buoyant
even though its density increases with depth (e.g. Landau and
Lifshitz (1987), section 4). Thermodynamics and (33a, b)
show that the density ρa , pressure Pa and temperature Ta , in
the reference state obey
ρa−1 ∇Pa = ga ,

18

ρa−1 ∇ρa = ga /u2s ,
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where ga is the gravitational field created by ρa , γg = αT u2s /cP
is Grüneissen’s constant, αT is the thermal expansion
coefficient, and cP is the specific heat at constant P .
Seismology determines g and us accurately. Values at the
CMB (at the ICB, in parentheses) are g = 10.68(4.40) m s−2
and us = 8.1(10.4) × 103 m s−1 . Less reliably known are
αT = 1.8(1.0) × 10−5 K −1 and cP = 850(830) J kg−1 K−1 ,
but these values give γg ≈ 1.3–1.4 that is significant in (34).
Equation (33e) shows that |∂r Ta | increases rapidly with r and
is 0.9(0.05) K km−1 at r = ro (r = ri ). It also shows that
the temperature difference, ∆Ta = Ta (ri ) − Ta (ro ), between
the ICB and CMB is about 1300 K; we follow Braginsky and
Roberts (1995) by taking Ta = 4000(5300) K.
Because of the finite thermal conductivity, K T , of the core,
the adiabatic temperature gradient (33e) pushes heat outward.
Because ∂r Ta increases rapidly with r, so do the radial adiabatic
heat flux, IaT (r), and the outward adiabatic heat flow, Qa (r),
which are
IaT (r) = −K T ∂r Ta (r),

Qa (r) = 4πr 2 IaT (r).

enough, it freezes. An application Lindemann’s law predicts
that solidification occurs at a temperature Ts satisfying
Ta−1 ∇Ts = 2(γg − 13 )g /u2s

(Stacey and Irvine 1977). It was shown above that γg > 13 , so
it follows from (33e) and (34) that the freezing point increases
more rapidly with increasing pressure than the adiabat. The
resulting phenomenon is unfamiliar in everyday life: when core
fluid is cooled sufficiently from the top, it freezes from the
bottom!
The prevailing opinion today is that the inner core is the
result of the freezing of the outer core (Jacobs 1953). The ICB
is a freezing surface that creeps very slowly upwards as the core
cools. The jump ∆ρ in density at the ICB is not only due to
contraction on freezing but also because the solidus is richer in
iron than the liquidus (Braginsky 1963). We follow Braginsky
and Roberts (1995) by supposing that the part, ∆ξ ρ, of ∆ρ
due to the jump in composition is 500 kg m−3 . The remaining
100 kg m−3 is then due to the overall contraction of the Earth
as it cools, in which the gravitational energy released does not
help to drive the geodynamo, unlike ∆ξ ρ which does. The
freezing of the inner core therefore provides not only thermal
buoyancy from the release of latent heat at the ICB, but also
compositional buoyancy, as the light alloying core constituent
ξ is released during freezing. In short, the slowly growing ICB
fosters thermochemical convection.
In this cooling Earth model of geomagnetism, the two
buoyancy sources are proportional to one another and to
the rate of inner core solidification ṙi . If the rate, Ṁi , at
which the mass Mi of the inner core increases is constant
and that it has been forming over the entire age of the Earth,
τage ≈ 4.5 × 109 yr, then ṙi = ri /3τage ≈ 2.9 × 10−12 m s−1 ,
and Ṁi ≈ 6.8 × 105 kg s−1 , which releases latent heat at
the rate hṀi ≈ 0.7 TW, assuming a latent heat of h =
106 J kg−1 . This is only very approximate because h is
uncertain. The rate of release of gravitational energy can
be more accurately estimated from ṙi : 0.25 TW according to
Loper (1984); 0.28 TW according to Braginsky and Roberts
(1995, appendix B). It seems certain that the thermal and
compositional sources together are sufficient to power the
geodynamo. Braginsky and Roberts (1995) and Labrosse
(2003) raise the possibility that the inner core may have started
to form much more recently. If τage is redefined to be the age
of the inner core, and the estimate τage = 109 yr of Labrosse
(2003) accepted, ṙi and the energy sources are increased by
a factor of 4.5. Prior to the birth of the inner core, and in
the presumed absence of radiogenic heating, core convection
would have to be powered only by the escape of internal energy.
For more detailed discussion of the tight energy budget in the
core, see Braginsky and Roberts (1995).
The cooling Earth model is utterly dependent on heat
escaping from the core into the mantle, and therefore on
the efficacy of mantle convection. Any vagaries in mantle
convection affecting the heat it takes from the core can
significantly affect convection in the core and the geodynamo.
The mantle acts as a valve that, if closed, would quickly
transform the adiabatic core into an isothermal fluid mass that,
being negatively buoyant, would soon become stagnant. It

(33f, g)

The molecular transport properties of materials at the high
temperatures and pressures of the core are notoriously
difficult to determine. Estimates of K T , typically come
from either high pressure experiments or so-called ‘first
principles’ calculations, the latest of which is 100 W m−1 K −1
(140 W m−1 K −1 ) at the CMB (ICB) (Pozzo et al 2012),
corresponding to a Qa of 13.5 TW (0.7 TW). This estimate
accounts for 30% of the 44 TW heat flow from the Earth’s
surface (Pollack et al 1993). Conduction of heat is associated
with an entropy flux I S (W m−2 K −1 ), and an entropy source
ς S (W m−3 K −1 ) that in the reference state are
IaS =

∇ Ta
1 T
Ia = −K T
,
Ta
Ta

ςaS = K T

∇ Ta
Ta

2

.

(34)

(33h, i)

6.1.2. Sources of buoyancy. In geophysical fluids, measured
density profiles that closely follow adiabatic gradients usually
indicate convective flow. The motions mixing the core and
generating the geomagnetic field are generally believed to be
driven by buoyancy. It was at first thought that this was created
thermally by radioactive sources such as 40 K dissolved in the
core. Because of radioactive decay, their heat input early in
the Earth’s history would be considerably greater than today.
For 40 K for example, which has a half-life of 1.25 × 109 yr,
the heat input 4.5 × 109 yrs ago would have been 12 times
greater than today. This might well have repercussions on the
state of the geodynamo possibly great enough to conflict with
paleomagnetic findings. Such considerations and geochemical
arguments (not given here) acted to focus attention on another
possibility, which we favor here. For simplicity we entirely
ignore radioactivity.
It is now thought that the outer core is buoyant because
it is cooling through heat loss to the mantle. Cooling a fluid
from the top promotes convection as surely as heating it from
the bottom! This secular cooling by global loss of internal
energy is not the only possibility. If the fluid core is cooled
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has been speculated that the metallic cores of Mars and Venus
do not regenerate field because their mantles do not convect
vigorously enough.
Braginsky (1964) pointed out that, although the estimated thermal power input exceeds the gravitational, it is not
necessarily more significant. Because compositional buoyancy drives convective motions directly, its thermodynamic
efficiency is not limited, as thermal buoyancy is, by thermodynamic demands. His contention could be supported only
by extending familiar thermodynamic arguments about Carnot
efficiency. Although a convecting system may be likened to a
heat engine, it is a heat engine of an unusual kind since, after
buoyancy does its useful work in creating motion and field,
the kinetic and magnetic energies are degraded by viscous and
ohmic dissipation to thermal energy that joins the heat sources
driving the engine. Backus (1975) and Hewitt et al (1975)
supplied the required generalized thermodynamics, showing
that, although the engine does not operate a Carnot cycle,
similar concepts limit its efficiency. The greater efficiency
of compositional buoyancy was confirmed in sections 7 and 8
of Braginsky and Roberts (1995).

core, spatial variations in Pa are significant but S is almost
constant, (37a) is more appropriate. The contribution made
by Pc to the buoyancy force does not affect its rate of working,
which is
P=

Pc = P − Pa ,

Mass conservation requires that ∂t ρ + ∇ · (ρ u) = 0 but,
since ρc  ρa , this simplifies to
∇ · (ρa u) = 0,

∂t u + u·∇u +2Ω ×u = −∇pe +C g +ρa−1 (J ×B + fν ), (39)
where fν is the viscous force. The centrifugal acceleration,
Ω ×(Ω ×r ) = − 21 ∇(Ω ×r )2 does not appear as it has been
absorbed into g . In (39), J ×B is the Lorentz force, where
J = µ−1
0 ∇×B and B are governed by kinematic dynamo
theory, as before.
Further consideration of (39) is postponed to section 6.2.
We fix attention next on the evolution of the two buoyancy
sources, ξc and Sc . The first step is to remove the flux and
source of entropy (33h, i) associated with the reference state,
giving

where here the suffix c stands for convection. The ratios
ρc /ρa , Pc /Pa , Sc /Sa , . . . are of order c ≡ U /us ≈ 10−8 . A
negligible O(c ) error is made by (for example) discarding ρc
in comparison with ρa . Moreover the thermodynamics can be
linearized. Take for instance the general relation
(36a)

where the compositional and entropic expansion coefficients
are
1 ∂ρ
1 ∂ρ
αT T
αξ = −
,
αS = −
=
,
ρ ∂ξ P ,S
ρ ∂S P ,ξ
cp
αT = −

1
ρ

∂ρ
∂T

which in the reference state are typically αξ = 0.6,
αS = 8 × 10−5 K m−2 s2 and αT = 2 × 10−5 K −1 . An error
only of order c is made by replacing the infinitesimals dρ, dP ,
dS and dξ in (36a) by ρc , Pc , Sc and ξc , giving
(36e)

The last two terms in (36e) create the buoyancy force
driving core convection, and (36e) is often written as
ρc = u−2
s Pc + ρa C,

where

(40a)

ρa ∂t Sc + ∇ · (ρa Sc u − ρa κ T ∇Sc ) = −ρa Ṡa + ςcS ,

(40b)

−5

2 −1

where κ = K /ρcP = 10 m s is the thermal diffusivity,
κ ξ ≈ 3 × 10−9 m2 s−1 is the chemical diffusivity, and ςcS
is the convective entropy source from ohmic, viscous and
thermal diffusion. Each time derivative in (40a,b) has been
split into a derivative over the short time τO of convective
overturning and a derivative over the long time τage of secular
cooling of the core, distinguished by the overdot. Though
Sc = O(c Sa )  Sa , the two derivatives are similar in size
because the ratio of rates of change over times of order τO and
τage (≈ τO /c ) is similar in magnitude. The terms ρa Ṡa and
ρa ξ̇a are responsible for driving convection and the geodynamo
as the core slowly cools and differentiates. They can be derived
from ṙi by averaging (40a,b) over a time long compared with
τO . See Braginsky and Roberts (1995).
The r-components of the convective fluxes ρa Sc u and
ρa ξc u in (40a,b) vanish with ur at the CMB but, outside
the thermochemical boundary layer there, they greatly exceed
the diffusive fluxes −ρa κ ξ ∂r ξc and −ρa κ S ∂r Sc . Similarly,
the outward heat flux Icr = ρa cP Tc ur − ρa κ T ∂r Tc is well
approximated far from boundaries by ρa cP Tc ur , so that

P ,ξ

ρc = u−2
s P c − ρ a α S S c − ρ a α ξ ξc , .

ρa ∂t ξc + ∇ · (ρa ξc u − ρa κ ξ ∇ξc ) = −ρa ξ̇a ,

T

(36b, c, d)

,

(38)

which is called the anelastic approximation (AA) and makes
the speed of sound infinite; e.g. Braginsky and Roberts (2007).
Momentum conservation can also be accurately simplified.
Details given in section 4 of Braginsky and Roberts (1995)
show that the pressure fluctuation u−2
s Pc in (36e) does not
create buoyancy and is removed by introducing an effective
‘pressure’, pe . Then, in the reference frame rotating with the
mantle,

Sc = S − Sa , etc,
(35a, b, c)

dρ = u−2
s dP − ραS dS − ραξ dξ,

where Voc is the outer core.
(37c)

6.1.3. Core convection. Convection is studied as a deviation
from the reference state:
ρ c = ρ − ρa ,

ρa C(g · u) d3 x,
Voc

C = −αS Sc − αξ ξc ,
(37a, b)

is the co-density. More familiar than (37a) is ρc = −ρa αT Tc ,
which is commonly used in modeling laboratory convection,
and similar situations in which gradients in Pa are
thermodynamically unimportant; see section 6.2. When, as
in the major planets and to a lesser degree in the Earth’s
20
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the outward convective heat flow through the geocentered
spherical surface S(r) is
Qc (r) = ρa cP Tc ur A,

and topographic torques acting across the CMB, and is a topic
recently reviewed by Roberts and Aurnou (2012). Mechanical
coupling allows for the possibility that core motions are
derived from the abundant rotational energy of the mantle.
Specifically, it has been argued that energy extracted from
the luni-solar precession is potentially sufficient to maintain
the geomagnetic field over all geological time (Bullard 1949,
Kerswell 1996). Work continues exploring that possibility
(see section 8.1.4).
The mechanical link between core dynamics and the
rotation of the mantle may also provide an alternative means to
probe core physics using surface observations, supplementing
the geomagnetic observations discussed in part 1. For example,
as we discuss in section 6.3.3, torsional waves traveling
through the core produce EM torques that can affect the
rotation rate of the mantle (length of day). Another important
observation for the present review is the work of Buffett (2010),
which infers the field strength within the core by considering
how the direction of Earth’s rotation axis is changing.
Misalignment between Earth’s equatorial plane and the
orbital planes of the Earth–Sun and Earth–Moon systems
produce torques on Earth’s tidal bulge that result in a
weak ‘wobbling’ of Earth’s rotation, called nutations.
Measurements of nutations reveal temporal phase lags between
tidal forcing and Earth’s response that are attributed to
dissipation within the planet. Buffett (2010) uses estimates
of ohmic dissipation due to tidally forced flow in the
core to account for previously unexplained phase lags, and
these estimates require B ≈ 3 mT to produce the required
dissipation. This internal core field strength estimate is an
order of magnitude stronger than the radial CMB field (see
figure 5), but is consistent with theoretical arguments for
internal core field strength given in sections 5.4.3, 6.3.2, 6.4.3
and 7.6.2. We adopt this value of B here.
For the remainder of this section only thermal coupling
is considered. According to the preceding description of
the cooling Earth model, heat escapes from the core into
the overlying mantle. The mantle, which is also heated by
radioactive elements, cools to space on its surface and is
superdiabatic. It convects, despite its very high viscosity and
this convection is expressed as tectonic motions on Earth’s
surface.
The appropriate dimensionless measure of the importance
of buoyancy forces in mantle dynamics is the traditional
Rayleigh number, 
R, where ‘traditional’ has to be included
so that 
R can be distinguished from the Rayleigh number Ra
used below for core convection. Here

(40c)

where A = 4π r 2 is the area of S(r) and the angle brackets, as
in (8b), denote the average over S(r) of the quantity between
them. The average Tc ur  is positive because the temperature,
Tc+ (Tc− ) of hot (cold) fluid is rising (sinking) at a speed
|ur | = O(U ), so that Tc± ur > 0 for both and Tc ur  ≈ U ∆Tc ,
where ∆Tc = Tc+ − Tc− is the difference in the temperatures
of the rising and falling streams. On approaching the CMB
and crossing the edge r = ro− of the boundary layer there, ∂r Tc
grows and the diffusive flux −ρa κ T ∂r Tc takes over from the
diminishing convective flux ρa cP Tc ur , so that Icr remains the
same. We may adopt Icr = ρa cP Tc ur  at the CMB provided
we recognize that ur is to be interpreted as the radial velocity
at the inner edge, r = ro− , of the boundary layer there. With
this understanding, the convective heat flow to the mantle is
Qc (ro ) = ρa cP Tc ur ro Ao ≈ ρa cP Ao U ∆Tc ,

(40d)

where Ao = A(ro ) = 1.522 × 1014 m2 .
The total outward heat flow is Q(r) = Qa (r) + Qc (r),
where Qa is the adiabatic heat flow (33g). Estimates of the
heat flow, Q(ro ), to the mantle range between 3 and 20 TW, but
it cannot be greater than the heat flow from the Earth’s surface,
of about 44 TW (Pollack et al 1993). Taking Q(ro ) < 44 TW
in (40d), we obtain ∆Tc < 4 × 10−4 K, which is tiny compared
with ∆T = Ta (ri ) − Ta (ro ) ≈ 1300 K. This gives a posteriori
support for the claim that the temperature of the core is closely
adiabatic. Below we shall make estimates using ∆Tc = 10−5 K
but it is clear that this value is rather uncertain.
The uncertainty in the heat flow from the core invites the
question of what happens if the total heat flow to the mantle,
Q(ro )(= Qa (ro ) + Qc (ro )), though positive, is less than the
adiabatic heat flow Qa (ro ). In this case, a stable layer forms
at the top of the core in which ∂r S > 0, Qc (r) < Qa (r)
and Qc (r) < 0, so that convection carries heat downwards
(Loper 1978). This layer is thin if compositional buoyancy
overwhelms thermal buoyancy sufficiently to maintain the
well-mixed adiabatic state except in the layer. A commonly
used dimensionless measure of the heat flow from a convecting
system is the ratio of the total heat flow to the conductive heat
flow. This is called the Nusselt number, N u, and usually must
exceed 1 if the system is convecting. For the core N u =
Q(ro )/Qa (ro ) and is less than 1 if Qc (ro ) < 0 even though the
system is still convecting somewhere below the CMB.
The cooling Earth model outlined in this section dominates
geodynamo theory today, but two other power sources
may have been underestimated. First, although dissolved
radioactivity was ignored above, it may be an important
source, particularly in the early Earth. The second potentially
important power source is owed to the mechanical coupling of
the core and mantle.


T /
R = go a 3
αT ∆
ν
κ,

(41)

where g is gravitational acceleration, 
αT is thermal expansivity,
T is the difference in the temperatures of the CMB and
∆
Earth’s surface,
ν is the kinematic viscosity and
κ is the thermal
diffusivity. Convection can occur only if 
R exceeds a critical
value 
Rc = O(103 ). The existence of convective motions in the
mantle shows that the mantle is in the supercritical convective
state 
R>
Rc . Seismically derived temperature profiles for the
mantle give estimates of 
R = O(106 ). The typical convective
velocity of the mantle can be estimated by observed tectonic

6.1.4. Core-mantle coupling. Core and mantle are coupled
together both thermally and mechanically.
Mechanical
coupling is accomplished by viscous, magnetic, gravitational
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 = O(10−9 ) m s−1 . These distinct observational
motions, U
constraints are consistent with classical boundary layer theory
for convection (Turcotte and Oxburgh 1967).
The overturning time for the mantle, analogous to τO
 ≈ 200 Myr,
defined for the core in section 3.1, is 
τ O = ro / U
comparable with the geologic time scale, τage . It is natural to
suppose that the style of mantle convection varies over geologic
time on the 
τO time scale, resulting in an ever changing core
cooling rate and a different geodynamo. This might explain
why the Cretaceous and Permo-Carboniferous superchrons
happened (see figure 10) and why their 35 and 50 Myr durations
are far longer than any natural time scale of the core: the mantle
is responsible.
Further progress depends on a better understanding of
the coupled core–mantle system, but the enormously different
timescales for mantle and core convection presents theory with
a difficulty: it is impractical to treat core and mantle as a single
system, in which the temperature T and outward heat flux
IrT are continuous at the CMB. It is however impossible to
use both these conditions when solving for mantle and core
individually, as that would over-determine the solutions. A
full thermodynamic treatment reveals that the optimum way
of treating core and mantle as separate systems is to solve
for the mantle using specified T at the CMB, and to solve
for the core using specified IrT on the CMB (e.g. Braginsky
and Roberts (2007)). The latter is determined by solving the
mantle equations and the former by solving the core equations
under these specified boundary conditions. (Most simulations
of core MHD ignore this by specifying T on the CMB, as we
shall do in the next section; see (44c, d).)
Having resolved the question of how to study mantle
and core dynamics separately, we direct attention to mantle
convection. This is an immense geophysical topic that is
beyond the competence of the present authors. Fortunately
it is one that need not be studied in depth here. For a more
detailed account of the subject, see Schubert et al (2001). The
following makes only a few relevant observations.
The style of mantle convection is very different from that
of core convection because the viscosity
ν of the mantle is very
great: 
ν ≈ 1019 m2 s−1 . The Reynolds number is therefore
=U
a/
ν ≈ 10−21 , well below the threshold for normal
tiny: Re
turbulence. Inertia has no role in mantle convection. The
thermal diffusivity, 
κ , is however comparable with κ T in the
e =
core (see (40b)). If
κ = 10−6 m2 s−1 , the Péclet number, P
a/
U
κ , is of order 104 , indicating that convective heat transport
is more important than conductive, and that the mantle is in
a state that is sometimes called ‘thermal turbulence’. In this
τO time
state, IrT (ro , θ, φ) may be expected to vary only on the 
scale, so that it can be assumed time independent in studying
core dynamics. It will however depend on θ and φ, i.e. not
be uniform over the CMB. Spatially heterogeneous thermal
boundary conditions at the CMB are usually ignored in studies
of core convection, and will be for the remainder of this section,
but see section 7.4.

are spatially uniform (∇Sa = ∇ξa = 0) but in which
core convection is still driven by core cooling (Ṡa < 0,
ξ̇a > 0). This model is quite close to the one that nearly all
geodynamo simulators currently prefer to use, which employs
the Boussinesq approximation (BA). This ignores the secular
evolution of the core, the consequences of freezing at the ICB
being replaced by equivalent sources of composition and heat
that are independent of t. We call this ‘the simplified cooling
Earth model’ even though no cooling takes place!
The BA assumes that core fluid is incompressible;
therefore in the basic well-mixed reference state,
ξ = ξa = constant,

T = Ta = constant,

(42a, b)

instead of (33a, b); ρ = ρ0 = constant too. Incompressibility
also implies that, as for the basic state (33a, b) of section 6.1,
the reference state (42a, b) is neutrally buoyant. As before,
deviations from this state are denoted by c . For ρc , (36a, b)
are replaced by
ρc = ρ0 Cc ,

Cc = −αξ ξc − αT Tc .

where

(42c, d)

The BA is commonly used in describing convection
experiments in the laboratory. When applied to the core,
incompressibility introduces errors of order (ρi − ρo )/ρ̄ ≈
20%. These are smaller than other geophysical uncertainties,
such as those created by the unknown chemical composition
of the core, by the poorly known values of relevant
physical parameters, and by the crude treatment of turbulence
(section 9.2). While reliance on the BA entails loss of
(geo)physical realism, it simplifies the treatment of geostrophy
in section 6.3 and further developments below. Only for
dynamos in the gaseous planets, the Sun and stars, does the
BA introduce substantial errors.
We simplify our treatment of the Boussinesq geodynamo
further by ignoring compositional buoyancy, so that
ρc = −ρ0 αT Tc . Because ρ0 is constant, (38) becomes
∇ · u = 0.

(43a)

The equation of motion (39) simplifies to
∂t u + u · ∇u + 2Ω ×
+ γ0 αT Tc r
 u = − ∇p


e
 
Coriolis

Inertia

+ ρa−1 J ×B


Lorentz



pressure

buoyancy

2

+ ν∇ u ,

(43b)

viscosity

where pe = Pc /ρa is the effective ‘pressure’; Tc obeys the heat
conduction equation
∂t Tc + u · ∇Tc = κ∇ 2 Tc + H,

(43c)

where κ here and below replaces κ T because κ ξ is no longer
involved. The kinematic dynamo theory of section 5.1 still
applies so that
∂t B = ∇×(u×B ) + η∇ 2 B ,

∇ · B = 0.

(43d, e)

The accelerations are named in (43b), which is the relevant
form of the Navier–Stokes equation in this article. The
gradient of pe has no thermodynamic significance in the BA,
its purpose now being merely to ensure that solutions of (43b)

6.2. A simplified cooling Earth model
Section 8 of Braginsky and Roberts (1995), develops a
‘homogeneous model’ of the last section, in which Sa and ξa
22
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Table 1. Basic physical properties of the core.
Dimensionless Numbers
Symbol Name of number

Definition

core

Ra
Λ
Ro
E
Rm
Pm
Pr
q
Ha
Rom
Pe
Re

Rayleigh
Elsasser
Rossby
Ekman
Magnetic Reynolds
Magnetic Prandtl
Prandtl
Diffusivity ratio
Hartmann
Magnetic Rossby
Péclet
Reynolds

go DαT ∆Tc /2Ωκ
B 2 /2Ωηµ0 ρ0
U /2ΩD
ν/2ΩD 2
U D/η = RoP m/E
ν/η
ν/κ
κ/η
B D/(νηµ0 ρ0 )1/2 = VA D/(νη)1/2
B /2ΩD(µ0 ρ0 )1/2 = VA /2ΩD
U D/κ = RoP r/E
U D/ν = Ro/E

109
10
10−6
10−15
1300
1.7 × 10−6
0.1
1.7 × 10−5
7 × 107
8 × 10−5
9 × 107
9 × 108

Symbol

Name

Value

Unit

D
U
Ω
η
ν
κ
go
γ0
αT
∆T
∆Tc
B
g
Bs
µ0
ρ0
VA
g
VA

Depth of fluid core = ro − ri
Typical fluid velocity
Angular velocity of Earth
Magnetic diffusivity = 1/µ0 σ
Kinematic viscosity
Thermal diffusivity
Gravitational acceleration at CMB
go /ro
Coefficient of thermal expansion
Temperature contrast = Ti − To
Superadiabatic temperature contrast
Typical magnetic field strength
Rms of s-component of B
Magnetic permeability
Core density
Alfvén velocity=B/(µ0 ρ0 )1/2
g
Torsional wave velocity=Bs /(µ0 ρ0 )1/2

2.255 × 10
4 × 10−4
7.29 × 10−5
0.7
10−6
10−5
10.68
3.07 × 10−6
10−5
1300
10−5
3 × 10−3
10−3
4π × 10−7
1.1 × 104
3 × 10−2
10−2
6

and ∆Tc = Ti − To = constant. In section 6.3.2, we shall
consider inviscid dynamo models, for which ν∇ 2 u is omitted
from (43b), and (44a, b) are replaced by

satisfy (43a). In the buoyancy force, Tc is often called
the ‘superadiabatic temperature’, though strictly adiabats
are meaningless in the BA. The gravitational acceleration,
g = −γ0 r , is assumed proportional to r with γ0 = 3.07 ×
10−6 s−2 , which gives go (= |g(ro )|) correctly (although it
implies gi (= |g(ri )|) = 3.75 m s−2 instead of 4.40 m s−2 ,
again a 20% error). Because of (43a), the viscous force
fν in (43b) simplifies for constant ν to ρ0 ν∇ 2 u. In (43c),
H = T0 ςcS /ρ0 cp , where ςcS is the entropy source appearing
in (40b). We shall assume for simplicity that H = 0.
Solutions of (43a–e) must satisfy appropriate boundary
demands, important amongst which are the dynamo
conditions (18g, h) on the CMB. Usually u is required to
satisfy no-slip conditions on CMB and ICB:
u(ro ) = 0,

u(ri ) = Ω i ×r ,

ur (ro ) = 0,

ur (ri ) = 0.

(44e, f )

The BA specification of the MHD dynamo problem is now
complete. If (u, B , Tc ) is a solution of (43) satisfying (44), so
is (u, −B , Tc ). This fact is what makes the dynamo the only
plausible explanation of the Earth’s magnetism (section 4).
The vigor of convection in the BA model depends, not on the
rate of cooling of the core, but on ∆Tc , which we quantify by
the Rayleigh number, Ra. This is defined in table 1, where it
is joined by other relevant dimensionless numbers. Beneath
the table is a list of the physical quantities used in defining
the parameters and their estimated values for the core. The
Rayleigh number is the most important input parameter of
the theory, a prime objective of which is the evaluation of
the output parameters, Ro and Λ. These are dimensionless
measures of the flow speed U and field strength B and are also
listed in table 1. They are called the Rossby number and the
Elsasser number, named in honor of Elsasser (1946), who first
suggested that the Lorentz force might equilibrate with the
Coriolis force in the core.
The predictability of the governing equations (43a–e) can
be estimated as for meteorological forecasts. To do so, a small

(44a, b)

where Ω i is the angular velocity of the solid inner core, which
is supposed to have the same electrical conductivity as the
fluid core, so that B and r ×E are continuous on the ICB. The
choice of the mantle as reference frame imposes (44a), and
Ω i is determined by the viscous and magnetic torques acting
across the ICB; and it is reasonable to take Ω i = Ω i 1z because
of gyroscopic torques. The solution of (43c) is required to
satisfy
Tc (ro ) = To = constant,

m
m s−1
s−1
m2 s−1
m2 s−1
m2 s−1
m s−2
s−2
K −1
K
K
T
T
H m−1
kg m−3
m s−1
m s−1

Tc (ri ) = Ti = constant, (44c, d)
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error is introduced into the integration and the average time it
takes to double is evaluated. Hulot et al (2010) find that this
‘doubling time’ is just a few decades for the geodynamo. Thus,
solutions of (43a–e) are chaotic, and the so-called ‘butterfly
effect’ limits forecasting to less than even one overturning time,
τO . This forecasting horizon illustrates the strongly nonlinear
nature of the geodynamo problem.
A useful consequence of (43a,b) is the vorticity equation

6.2.1. Power integrals. The BA equations (43) and (44)
imply two power integrals, one already given in (14c, d);
the other is the volume integral of the scalar product of ρ0 u
with (43b),

∂t ζ + u · ∇ζ − (2Ω + ζ ) · ∇u

is the kinetic energy, P is the buoyant power input (see (37c)
for general sources of buoyancy) and Qν is the rate of viscous
heating,

= γ0 αT ∇Tc ×r + ρ0−1 ∇×(J ×B ) + ν∇ 2 ζ ,

∂t K = P − F − Qν ,

(45)

P=

ρ0 ν ζ 2 d3 x,
Voc

these integrals being over Voc , the outer core. The flow loses
energy K at the rate F and the magnetic energy M acquires
it at the same rate; see (14f ). Thus the two F cancel when
(47a) and (11d) are summed:
∂t (K + M) = P − Qνη

where

Qνη = Qν + Qη

(47e, f )
is the total dissipation. Equation (47e) is the energy budget
of the convective dynamo. The power balance for a steadily
operating dynamo (defined in section 5.1.2) is
P̄ τ = Q̄τνη = Q̄τν + Q̄τη .

(47g)

The estimates U = 4 × 10−4 m s−1 and B = 3 mT give
K̄τ /M̄τ ≈ µ0 ρ0 U 2 /B 2 ≈ 2 × 10−4 , which is far from
equipartition of energy, the magnetic energy being dominant;
see figure 6. (In the inertial frame, the opposite is true.)
An important property of a liquid metal, such as core fluid,
is its magnetic Prandtl number, P m:

where dr p0 = γ0 rαT T0 . Equations (43b, c) become
∂t u + u · ∇u + 2Ω ×u

∂t  + u · ∇ + ur dr T0 = κ∇ .

Qν =

(47c, d)

(46c, d, e)

2

ρ0 γ0 αT Tc (r · u) d3 x,
Voc

pe (r , t) = p0 (r) + Π (r , t),

= −∇Π + γ0 αT r + ρ0−1 J ×B + ν∇ 2 u,

1
ρ0 u2 d3 x
2
(47a, b)

so that the heat flow out of S(r) is Q0 = 4πro ri K T ∆T /D.
The existence of the conduction solution was noted and
ignored in writing (40c). This was because section 6.1 was
concerned only with strong convection, where the heat flow
Qc given by (40c) greatly exceeds Q0 . For the more moderate
convection considered below, we must recognize that Tc and
Qc are partially created by conduction. From now onwards,
the suffix c denotes a deviation from the reference state created
by both convection and conduction. These may be separated
by writing
Qc (r) = Q0 + Q(r),

K=
Vo

where ζ (= ∇×u) is the vorticity in the mantle frame and
2Ω + ζ is the vorticity in the inertial frame.
(43c) has a conduction solution
For u = 0,
satisfying (44c, d):

ri 
ri  ro
ro 
T0 (r) =
− 1 Ti +
1−
To ,
D r
D
r
dT0
ro ri ∆T
for which
=−
,
(46a, b)
dr
D r2

Tc (r , t) = T0 (r) + (r , t),

where

(46f )

P m ≡ ν/η = 1.7 × 10−6 .

(46g)

See table 1. The smallness of P m in the core suggests that
viscous dissipation is small compared with ohmic, i.e. that
fν = Q̄τν /P̄ τ

The vorticity equation following from (46f ) is again (45) with
Tc replaced by .
From the magnitude of the convective heat loss,
QCMB (= Q(ro )) to the mantle, estimated in section 6.1.3, the
characteristic Tc (r , t) away from boundaries is very small, and
Tc , according to the discussion following (40d), is of the
order of 10−5 K, while  is then of order T by (46b, c), i.e.
much larger. For the more moderate convection considered
below, Tc and  may be comparable in size. Then the
conduction flux, Q0 , must be added into the denominator of
the definition Nu = Q(ro )/Qa (ro ) of the Nusselt number in
section 6.1.3. As Qa (ro ) = 0 in the BA, the re-defined Nusselt
number is
N u = Q(ro )/Q0 .
(46h)

(48a)

is much smaller than fη = Q̄τη /P̄ τ . (48b, c)

By (24) and (47d), the ratio of dissipations, fν/η = Q̄τν /Q̄τη
can be estimated as
fν/η ≈ µ0 ρ0 ν U 2 L2B /ηB2 L2U = P m(LB /LU )2 K̄τ /M̄τ ,
(48d)
where LB and LU are the characteristic length scales of field
and flow; ∇ × B ≈ B/LB and ∇ × u ≈ U /LU . These are
important length scales, which may be orders of magnitude
apart, and may offset the effect of small P m to some extent. It
was argued in section 5.2.2 that the characteristic length scale
of field LB = Rm−1/2 D ≈ 60 km. The characteristic scale
of flow, LU , is more difficult to estimate, but a sensible lower
bound is LU  E 1/3 D ≈ 30 m, where E is the Ekman number;
see section 7.6. These estimates give

Now Nu = 1 separates the convecting and non-convecting
states, and N u − 1 is small when convection is weak. For
Nu
1, |∇Tc |  |dr T0 | except near boundaries.

fν/η < P m Rm−1 E −2/3 (K̄τ /M̄τ ) ≈ 10−3 .
24
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In the magnetostrophic dynamo discussed in section 6.3.2, we
expect LU ∼ LB , and so fν/η would be much smaller still.
These estimates suggest that in a steadily operating dynamo
Q̄τν  Q̄τη

and

P̄ τ ≈ Q̄τη ,

(48f, g)

by (47g). Armed with this revelation, we can use (24)
to estimate the power requirement for the geodynamo:
P̄ τ ≈ 0.2 TW.
6.3. Rotational dominance; Proudman–Taylor theorem;
CMHD
Some of the complications of geodynamo theory arise
from the competition between the different forces operating
in (43b). The following discussion attempts simplification by
considering the action of some forces in the absence of others.
Only one force gives core MHD a preferred direction, the
Coriolis force, which is defined by Oz, the direction of Ω . It
is not surprising that core flow u responds by having Oz as
its preferred direction, a preference then shared by B and the
Lorentz force J ×B because they are produced by u. This is
why the compass needle is north seeking. That it does not point
precisely north may be the way core MHD evades Cowling’s
theorem. What is surprising is how important Coriolis forces
are, as assessed by the smallness of Ro and the Ekman number,
E; according to table 1, E = 10−15 and Ro = 10−6 . One must
conclude that, at least for the largest scales D, the viscous force
and inertial force are dominated by the Coriolis force. The
resulting MHD is so different from classical MHD that it is
sometimes called Coriolis magnetohydrodynamics (CMHD).
From the extreme smallness of E, the viscous force will be the
last to be included in the following developments.

Figure 14. A schematic depiction of geostrophic cylinders (C (s)) in
the outer core. The ICB is shown as the central sphere, and the
CMB as the surrounding shell. The tangent cylinder is labeled ‘TC’.

Each cylinder has two polar caps on So , denoted by N (s) and
S (s) and respectively defined by 0  θ  sin−1 (s/ro ) and
π  θ  π − sin−1 (s/ro ). Together they form a closed
surface surrounding a volume which we denote by I (s). The
cylinder C (ri ), touching the solid inner core on its equator is
called the tangent cylinder (TC). The dynamics of the fluid core
within C (ri ) differs from the dynamics outside it. To simplify
the analysis in what follows, we shall often, as in section 5,
ignore the inner core, so that D = ro .
The more general flows described later in this section, have
geostrophic and non-geostrophic parts, and the determination
of the latter is sometimes a central issue. They may be
separated by introducing the geostrophic average of a flow
through its φ-component:

6.3.1. Geostrophy. If only the Coriolis force and pressure
gradient are retained in the momentum equation, there is a
geostrophic force balance,
2Ω ×u = −∇pe ,

∇ · u = 0.

(49a, b)

i.e. u = u(x, y, t).

(49c, d)

g
ū¯ φ (s) =

uφ (x)d2 x,

g
u(s, φ, z) = ung (s, φ, z) + ū¯ φ (s)1φ .

This is the famous

Proudman–Taylor (PT) theorem:

C (s)

(50a)

where√ A(s) = 4π sz1 (s) is the area of C (s) and
z1 = (ro2 − s 2 ). It carries a double bar as it is an average
over both φ and z. The non-geostrophic ung is defined from u
by removing its geostrophic part, so that

Curling away the pressure gives
∂z u = 0,

1
A(s)

(50b)

As an illustration, consider the thermal wind, which arises
when buoyancy is restored to (43a,b):

The slow motion of
an inviscid rotating
fluid is twodimensional.

2Ω ×u = −∇pe + γ0 αT Tc r ,

∇ · u = 0.

(51a, b)

These have axisymmetric solutions, where Tc = T̄c (r, θ ) and
u = ūφ (s, z)1φ is zonal:

Proudman (1916), Taylor (1916). For an axisymmetric
boundary such as the CMB, the flow must by (44e, f ) be
zonal:
u = u(s, t)1φ .
(49e)

ūφ =

γ0 α T
2

z

∂θ T̄c dz + u0 (s),

(51c)

0

where u0 (s) is arbitrary. On substituting ūφ into (50a) and
ng
integrating, the non-geostrophic part, ūφ , of ūφ is uniquely
g
determined as ūφ − ū¯ φ . It is independent of the choice of 0
as the lower limit of the integral in (51c) and depends only on
the gradient of the assumed T̄c . All the arbitrariness in ūφ is

This type of motion is called geostrophic flow, and is depicted
in figure 14. As (49e) implies ur ≡ 0, geostrophic motions do
not convect heat out of the core. Each geostrophic cylinder,
C (s), of radius s rotates independently about Oz as a solid body.
25
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confined to its geostrophic part ū¯ φ (s)1φ , which depends on u0
and the integral’s lower limit.
The thermal wind exists when there are temperatures
differences between poles and equator. The ω-effect of ūng
g
is usually significant, but the geostrophic shear ū¯ φ is not an
effective generator, as Childress showed; see p 192 of Roberts
(1971). When magnetic field is included there is also a zonal
magnetic wind, but that too is not an effective generator; see
e.g. section 5.4 of Roberts and Gubbins (1987).
g

The MS system introduced above defines the magnetostrophic dynamo (MS dynamo) problem. This is formulated exactly as in section 6.2 except that the neglect of viscosity requires that (43b) and (44a, b) are replaced by (52a)
and (44e, f ), where (52c) substitutes for the latter. For the MS
dynamo, there is exact equality in the power balance (47c):
P̄ τ = Q̄τη .
On integrating the φ—component of (52a) over the
geostrophic cylinder C (s), it is seen that
2ρ0

6.3.2. Magnetostrophy; Taylor’s constraint and prescription.
The smallness of E and Ro suggests that the Lorentz force is
the next force that should be restored to (43b). The equations
governing magnetostrophic flow (MS flow) follow:
2Ω ×u = −∇pe + γ0 αT Tc r + ρ0−1 J ×B ,

us d 2 x =

C (s)

(J ×B )φ d2 x,

(54a)

where, by (52c), the integral on the left-hand side is

us d 2 x =
u · n d2 x =
∇ · u d3 x = 0,

∇ · u = 0,

C (s)

C (s)+N (s)+S (s)

I (s)

(54b)
by (52b) and n is the unit normal out of cylindrical volume
I (s). It follows that

(52a, b)
Equation (52a) expresses a
where µ0 J = ∇×B .
MAC balance between Magnetic, Archimedean and Coriolis
forces, where ‘Archimedean’ replaces ‘buoyancy’ to make
the acronym MAC pronounceable. As (52a), like the earlier
(49a, b) and (51a), lacks a time derivative, it is often called
a diagnostic equation, to distinguish it from a predictive
equation, like its parent (43b). It will be seen below that
solving diagnostic equations raises a fresh issue: dynamic
consistency.
On assessing the magnitude of J from Ohm’s law as
σ UB and the magnitude of J ×B as σ UB2 , it is seen from
(52a) that the Elsasser number, Λ, given in table 1 measures
the relative strengths of the Lorentz and Coriolis forces. It
is independent of velocity and length scales. Alternatively,
recalling the representation (22a, b) of the Lorentz force, the
ratio of the last and first terms in (52a) is the dynamicElsasser
number (Soderlund et al 2012), Λd = (B2 /µ0 ρ0 LB ) (2Ω U ),
which will arise in section 7.6.2. As viscosity does not appear
in (52a), nor do the Prandtl numbers P r and P m; only the
diffusivity ratio, q = κ/η, is significant (see table 1). Because
ν = 0, the boundary conditions (44a, b) over-determine u
and are replaced by (44e, f ), but for simplicity we continue to
ignore the inner core, so that only (44e) is relevant:
ur (ro , θ, φ) = 0.

C (s)

T(s) = 0,
T(s) = s

for every cylinder C (s), where
C (s)

(J ×B )φ d2 x.

(55)

This is known as Taylor’s constraint (Taylor 1963). It is an
integrability condition on solutions of (52a) that an arbitrarily
assigned B will not in general satisfy. The s is included in
(55) for convenience in its following physical interpretation.
The torque exerted by the magnetic stresses on the interior,
I (s), of the geostrophic cylinder C (s) is

1
3
Γ ≡
r ×(J ×B )d x =
r ×B (B · n) d2 x
µ0 C + N + S
I (s)
1
−
B 2 r ×n d2 x,
(56a)
2µ0 C
where we have used the fact that r is parallel to n on the
spherical caps N and S . The first surface integral is over the
complete boundary C (s) + N (s) + S (s) of I (s). On using
the continuity of B at the CMB, the z-component of (56a)
becomes
s
1
Γz =
T(s) ds =
sBs Bφ d2 x + Γz ,
µ0 C (s)
0
1
φ d2 x
r B
where Γz =
rB
(56b, c)
µ0 N + S
is the axial magnetic torque exerted by the rest of the core on
the interior of I (s) via magnetic stresses transmitted through
. The mantle is not involved as it has been
the CMB by B
assumed electrically insulating, and for the same reason the
 , of B
φ vanishes on the CMB, but its
axisymmetric part, B̄
φ
 does not, so that
asymmetric part B
φ

(52c)

Solutions of the MS equations evolve on the MAC or
magnetostrophic time scale (Braginsky 1967):
√
τMS = 2Ωro2 /VA2 , where VA = B/ (µ0 ρ0 )
(53a, b)
is the Alfvén velocity. For B = 3 mT, VA = 3 cm s−1
and τMS = 40 000 yr. Interestingly, the MS time scale and
the magnetic diffusive time essentially coincide when the
Elsasser number is π 2 . Because the magnetic Rossby number,
Rom = VA /2Ωro ≈ 3 × 10−5 is so small, Alfvén waves and
their time scale τA = ro /VA = Rom τMS are very much less
significant in CMHD than in non-rotating MHD. They play no
role whatever in MS systems because inertia is completely
absent from (52a), and the generic VA is no more than a
convenient abbreviation. The time scale τA of non-rotating
MHD is replaced by τMS .

ro
Γz =
µ0

N +S

 d2 x
r¯B
B
φ

(56d)

is generally non-zero. Taylor’s integral can be obtained by
differentiating (56b):


1 d
2
T(s) =
Bs Bφ d x + 
T(s),
s
µ0 ds
C (s)
2π ro2 s  ¯ z=z1 (s)
where 
T(s) = −
BB
.
(56e, f )
µ0 z1 (s) r φ z=−z1 (s)
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Discarding 
T(s) gives an approximate T(s) good to better than
 is about 20% of B
, which itself is
0.02%. This is because B
likely about 10% of B deeper in the core.
We now come to the reasons why the MS dynamo
has commanded great attention, even though it imposes the
constraint (55) which the parent system (43a–e) need not
obey. As Taylor (1963) pointed out, it is possible to solve
the MS equations (52a, b) semi-analytically. To demonstrate
this, write (52a) as
1 z ×u = − ∇  + X ,
where X = (2Ωρ0 )−1 (ρ0 γ0 αT Tc r + J ×B )

Ū is arbitrary at this stage, while ūs (= X̄φ ), ūφ and ūz follow
from (57h–j ). The resulting u has the form (50b), where
g
ū¯ φ (s) = ∂s Π̄ is the geostrophic flow required to enforce (55).
Taylor’s condition (55) implies, but is not implied
by, ∂t T(s, t) = 0 which, with help from ∂t B and ∂t J
derived from (43d), leads to a 2nd order, inhomogeneous
g
ordinary differential equation for ū¯ (s), whose coefficients are
geostrophic averages involving B , Tc and ung . This has only
one physically acceptable solution. When found, it completes
what we term Taylor’s prescription for finding an MS dynamo
(Taylor 1963). As this rests on ∂t T(s, t) = 0, (55) still has to
be enforced initially.
This completes the solution of (43a,b) in their reduced MS
forms. The simplicity of the process is in stark contrast to that
of solving the parent equations (43a,b) which, when E is small,
raises numerical difficulties that are currently insuperable;
see section 7. The motivation for finding an MS dynamo is
therefore very strong. To complete this task, Tc and B must
be found by solving (43c–e) for the u derived above. Here
the parent and MS equations share a common difficulty: the
smallness of P m and the diffusivity ratio q (≡ κ/η). Because
of space limitations, we do not describe here untested ways of
approximating the MS dynamo for small q.
Despite several attempts over the past 25 years to follow
Taylor’s prescription numerically, success has been elusive.
Most recent work has adopted spectral representations of both
u and B and have failed to resolve these fields adequately for
the reasons adumbrated at the end of section 5.3.4. Despite a
tacit belief amongst (some) modelers that MS dynamos exist,
none have been found, and the possibility that they do not exist
cannot (yet?) be ruled out. See section 7.7.

(57a, b)

and  = pe /2Ω. This determines u for given X . In
component form it is
us = −s −1 ∂φ  + Xφ ,

uφ = ∂s  − Xs ,

∂z  = Xz ,
(57c, d, e)

the last of which gives
 (φ, z) = Yz (φ, z) + Π (φ),

where

z

Y (φ, z) =

X (φ, Z) dZ.

(57f, g)

0

Here functional dependence on s is temporarily concealed.
The function of integration Π depends on the arbitrary choice
of 0 for the lower integration limit in (57g). From (57c–e),
sus = sXφ − ∂φ (Yz + Π ),

uφ = −Xs + ∂s (Yz + Π).
(57h, i)

Mass conservation (43a) requires
suz (φ, z) = ∂φ Ys (φ, z) − ∂s [sYφ (φ, z)] + U (φ),

(57j )

where U (φ), like Π (φ), is to be determined from the boundary
condition (52c), applied to the spherical caps N (s) and S (s),
respectively z = z1 and z = −z1 .
It follows from the boundary conditions that
z1 U (φ) − s∂φ Π (φ)
z1

= ∂φ





z1

(sXz − z1 Xs ) dZ + z1 ∂s s

0

6.3.3. Torsional waves; core time scales. Taylor’s constraint
for the MS model is a consequence of ignoring the inertial
force in (43b) and disappears if either it is restored, or its ∂t u
part, or at the very least ∂t ū¯ φ . From the resulting predictive
system, a new timescale and a new phenomenon emerge: the
torsional wave (Braginsky 1970). The s-component, Bs , of
B couples geostrophic cylinders together. When one cylinder
turns about Oz, its angular displacement is transmitted by Bs to
its neighbors; see figure 14. This creates an Alfvén wave, but
g
one that involves ū¯ φ (s, t) alone and travels in the ±s-direction
only; Coriolis forces are so potent that they kill every other
form of Alfvénic radiation.
The phase velocity and time scale of the torsional wave are

Xφ dZ ,
0

(58a)
−z1 U (φ) − s∂φ Π (φ)
−z1

= ∂φ



−z1

(sXz + z1 Xs ) dZ − z1 ∂s s

0


Xφ dZ .

0

(58b)

g

VA (s) = Bsg (s)/(µ0 ρ0 )1/2 ,

For the asymmetric part u of u, these uniquely determine
U and Π and hence us , uφ , uz from (57h–j ). For the
axisymmetric part ū of u, (58a,b) give




z1
−z1
Ū = ∂s s
Xφ dZ = ∂s s
Xφ dZ ,
0
0


z1
implying ∂s s
Xφ dZ = 0.
(58c, d)

g

g

τT = D/VA ,

(59a, b)

where (Bs (s))2 is the geostrophic average of (Bs (s, φ, z))2 ,
defined by (50a).
If Taylor’s condition (55) is not
satisfied initially, a torsional wave is launched. This loses
energy through viscosity but more severely through electrical
conduction, which tends to bring the system towards the
Taylor state (55). Torsional oscillations are of considerable
geophysical interest as they couple the angular momenta of
core and mantle, mainly magnetically through the conductivity

σ (r) of the lower mantle. They can in principle provide data
about the deep core that cannot be derived in any other way

−z1

Excluding the potential singularity at s = 0 and recalling
that Xφ = (J ×B )φ /2Ωρ0 , (58d) is seen to be equivalent
to Taylor’s constraint (55). Equation (58c) determines Ū , but
this depends on the choice of 0 as lower limit in (57g) so that
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stable or not. A prime theoretical aim is to determine
the critical value of the control parameter, which separates
stability from instability. The solution Z corresponding to the
onset of instability is also of considerable interest. Section 5
on the kinematic dynamo is an example of a linear stability
problem where Z is the magnetic field, and S depends on
the given fluid flow u. The control parameter is the magnetic
Reynolds number Rm, and its critical value is Rmc . In studying
convective instability, Z0 is the conduction solution (46a) for
which u, b (= B − B0 ) and  are zero, while Z consists of the
perturbations u , b and  ; see (46c). The control parameter
is the Rayleigh number, Ra; its critical value is Rac ; see
table 1. Even though u is infinitesimal in the critical convective
state and cannot regenerate B0 (section 5.2.3), determining the
onset of instability is the most obvious preliminary to finding
states where u is large enough to drive an MHD dynamo. The
motive is therefore strong for finding critical convective states.
Moreover, we shall find that they usefully reinforce findings
of the last subsection.

Table 2. Principal core time scales.
Name

Symbol

Definition

Magnitude (yr)

Overturning
Magnetic diffusion
Secular
Spin-up
Magnetostrophic
Torsional

τO
τη
τage
τSU
τMS
τT

D/U
ro2 /π 2 η
geological
√
(πD 2 /νΩ)
2ΩD 2 /VA2
g
D/VA

200
65 000
(1–4.5) × 109
30 000
40 000
4

(but see section 7.5). Observation of a semi-decadal time scale
within variations in the length of day has been interpreted as
the torsional wave time scale τT , leading to a rough estimate of
g
Bs (s) ≈ 2 mT (Gillet et al 2010). More discussion of torsional
waves would take us too far from our topic. For a recent review,
see Roberts and Aurnou (2012).
This section concludes with a review of time scales arising
in core MHD some of which are listed in table 2. The theory
that has been developed here treats the transmission times for
light and sound as zero. Other short time scales are the daily
time scale, τΩ = 2π/Ω, of inertial waves, and the EM time
scale τEM = ρ0 /σ B2 , which confusingly is often called ‘the
magnetic diffusion time’, in conflict with our name for τη .
These time scales, together with the magnetic diffusion time
of the mantle, 
τη , introduced in section 2.2, are short enough
to be taken zero also. The ratio τΩ /4πτEM is the Elsasser
number Λ.
At the other extreme, some time scales are too large to
be interesting. The thermal time scale, τκ = D 2 /κ, defined
by (43c) exceeds the age of the Earth and the corresponding
compositional time scale, τξ = D 2 /κ ξ , for ξc is far larger
still. If a common turbulent diffusivity, κ e , is adopted for
Tc , ξc and u, as described in section 9.2, their time scale is
still many billions of years. This is also true for the viscous
√
time, τν = D 2 /ν, but the spin-up time τSU = (τΩ τν ) =
(2π D 2 /νΩ)1/2 is moderate and is listed in table 2; it is
30 000 yr, or 1000 yr if the turbulent ν e is assumed. Also listed
in table 2 is the overturning time, τO , of section 3.1, and the
geological time scale, τage , of section 6.1.

6.4.1.
Linear non-magnetic convection; ν-domination.
There are innumerable publications on linear stability
problems, including the well-known book by Chandrasekhar
(1961), in which sections II–VI are devoted to the onset
of thermal convection; see also Saltzman (1962). In a
non-rotating non-magnetic system, thermal convection is
described by the Prandtl number, P r, and the traditional
Rayleigh number,
R = go D 3 αT ∆T /νκ;

(60)

see (41). The traditional Rayleigh number R is here more
appropriate than Ra (= ER) since it does not involve Ω.
When Coriolis forces act, the critical state depends also on
the Ekman number, E; when a magnetic field is present too,
the Elsasser number, Λ becomes influential.
For simplicity, convective stability is considered first in
planar geometry, using a notation that parallels the spherical
case (e.g. D for layer depth). The fluid occupies the Bénard
layer, which is an infinite horizontal layer of fluid, whose
lower (upper) boundary z = 0 (z = D) is a no-slip surface
maintained at temperature Ti (To ), where ∆T = Ti −To (> 0).
The conduction solution of (43c) analogous to (46a, b) is

6.4. Convection of small and finite amplitude
In this section we at first follow a path well trodden
by convection modelers: linear stability theory. Stated
symbolically in its simplest form, consider a dynamical system
governing the evolution of a set of variables Z through the
differential equation ∂t Z = S (Z , t), in which Z may depend
on x, and S may depend on derivatives of Z with respect
to x. To examine the linear stability of a solution Z0 of
this system, write Z = Z0 + Z and assume that Z is
an infinitesimal perturbation, so that S (Z , t) − S (Z0 , t) =
Z · ∇Z S (Z0 , t). This results in the linear homogeneous
equation ∂t Z = Z ·∇Z S (Z0 , t) the solutions to which decide
the linear stability of the Z0 solution. Often, and here, the Z0
solution is unstable if any Z grows with t and is linearly stable
if none do.
The system ∂t Z = S (Z , t) commonly involves a control
parameter whose value decides whether the solution Z0 is

T0 (z) = Ti − z∆T /D

and

Q0 = ρ0 cP κ∆T /D.
(61a, b)

The critical value, Rc , of R for a non-rotating non-magnetic
Bénard layer is about 1708 and does not depend on P r.
The preferred mode of convection is a tessellated pattern of
convection cells of horizontal scale Hc ≈ 1.008D, so that each
convection cell is as broad as it is deep. This result depends
on the assumed no-slip conditions (44a, b) at the boundaries
z = 0, D. Some of what follows adopts instead the simpler
case of convection between stress-free boundaries, for which
Rc = 27π 4 /4 ≈ 657.5 is smaller and Hc = 21/2 D ≈ 1.4D
is larger.
Chandrasekhar (1953) analyses marginal convection in a
layer rotating about the vertical (Ω = Ω1z ) and shows that Hc
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and Rac depend on P r and E (= ν/2D 2 ). For small P r,
there is a complication: the preferred mode of convection may
be oscillatory, a phenomenon first discovered by Eddington in
his theory of stellar pulsation and called by him ‘overstability’.
In the rotating Bénard layer this happens when convection
excites inertial waves, which it may do if P r < 1. Subsequent
nonlinear work has indicated that overstable modes are
inefficient transporters of heat, and are easily overwhelmed
by the stationary modes that are excited at slightly larger
Ra (Jones et al 1976). For this reason, we focus on steady
convection, for which Hc (E) and Rac (E) depend only on E.
Because E is so small in the core (see table 1), we focus mainly
on the limit E → 0 for which, to leading order in E,
Rac ∼ 3(π 2 /2)2/3 E −1/3 ≈ 8.696E −1/3 ,
Hc ∼ (2π 4 )1/6 E 1/3 D ≈ 2.408E 1/3 D,

(62a, b)

results that hold to leading order for both stress-free and no-slip
boundaries.
These asymptotic scalings are not especially geometry
dependent. Consider for example marginal Boussinesq
convection in a full sphere driven by uniform volumetric heat
sources; redefine E as ν/2ro2 . As for the Bénard layer, the
preferred mode of convection is in axial cells that are parallel to
Ω and have a small scale of E 1/3 ro in perpendicular directions,
but clearly these directions can no longer be called vertical and
horizontal! The axial cells connect the northern hemisphere
of
√
the boundary to the southern. Since their lengths, 2 (ro2 −s 2 ),
depend on distance s from the rotation axis, they do not
convect equally easily. The most favorable s gives a preferred
mode where only the cells, spaced by O(E 1/3 ro ) in a belt
surrounding one particular geostrophic cylinder, convect and
Rac = O(E −1/3 ) (Roberts 1968). For incomplete asymptotic
solutions to this linear stability problem, see Roberts (1968)
and Busse (1970); for the complete solution, see Jones et al
(2000). Dormy et al (2004) show gratifying agreement
between numerical calculations of Rac and the asymptotic
results for E → 0. See figure 15.
The largeness of Rac in these planar and spherical models
is a direct consequence of the PT theorem. Convection can
occur only if the force of the PT theorem is somehow broken.
States for which the PT theorem is broken by the action of
viscosity shall be called ‘viscously dominated’ or ν-dominated.
The smaller the scale of motion, the more effectively viscosity
breaks the rotational constraint but the greater the viscous
dissipation. Asymptotically (62a, b) express the appropriate
compromise. The E 1/3 scaling of Hc follows from the vorticity
equation (45), the dominant terms of which are here
− 2Ω · ∇u = γ0 αT ∇Tc ×r + ν∇ 2 ζ .

Figure 15. Axial cells in the marginal convective state for
E = 10−4 . (From Dormy 2004, with permission.)

So , it is necessary to introduce a boundary layer on So , called
an Ekman layer. Its thickness is of order δE = (ν/|Ωr |)1/2 ,
which for E → 0 is small compared with the scale, E 1/3 ro , of
the axial cells. It is helpful to use the language and techniques
of boundary layer theory, in which the flow u is written as a
sum, ums + uδ , of a ‘mainstream flow’ ums and the ‘boundary
layer flow’ uδ . The latter depends on θ , φ and a scaled
distance ξ = (ro − r)/δE from So ; it vanishes as ξ → ∞.
Only the leading term in the expansion of uδ in terms of E
is required, but the first 2 terms in the expansion of ums are
1/2 ms
needed: ums = ums
u1 . This is because the leading
0 + E
ms
term, u0 , can only satisfy one condition: ums
0r = 0 on So . The
second term, E 1/2 ums
,
has
the
responsibility
of enforcing the
1
tangential components of the no-slip condition u = 0 on So .
In doing so it creates a non-zero normal flow E 1/2 ums
1r . This
flow, generated by the need to ‘match’ the mainstream and
boundary layer flows, is Ekman pumping. Full details may
be found in many places, e.g. Gubbins and Herrero-Bervera
(2007), where it is shown that
ms
ms
1
E 1/2 ums
1r = 2 1r · ∇×{δE [1r ×u0 − (sgn Ωr )u0 ]},

(63)

i.e. the vorticity of an axial cell promotes an exchange of fluid
between the boundary layer and the mainstream, which is in
opposite z-directions at the northern and southern ends of the
cell. The dominant mainstream flow u0 is two-dimensional
and is the same all along an axial cell; it is a cyclonic
(anticylonic) motion for positive (negative) vorticity, ζ0z .
The secondary mainstream flow u1 is also two-dimensional
in the sense that ∂z u1z (= −∇⊥ · u0⊥ ) is independent
of z, and u1z is proportional to z. (Here ⊥ denotes the
component perpendicular to Ω .) The condition (63) shows
that, in the northern hemisphere, u1z is negative (positive)
in a cyclonic (anticyclonic) cell, the opposite being true in

(62c)

Because Hc  D implies ∇ 2 = O(Hc−2 ) and ζ = O(U /Hc ),
the components of (62c) perpendicular to Ω give, in order of
magnitude, 2Ω U /D ≈ ν U /Hc3 , i.e. Hc = O(E 1/3 D). The
scaling (62a) of Rac then follows from the power balance
τ
τ
P = Qν .
The axial cells will be very significant in section 7.2
because of a phenomenon called Ekman pumping. To make
the belt of axial cells obey the no-slip condition, u = 0 on
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Figure 16. Horizontal scale, Hc , of convection cells at the onset of
magnetoconvection, as a function of the Elsasser number, Λ, for
Ekman numbers, E, between 10−2 and 10−8 . The limiting curve
(65c) for E → 0 is also shown.

2

,

0

0.5

Λsw = 43 (4π 2 E)1/3 ≈ 4.54E 1/3 .

log

1

(64d)

This will be called ‘mode switching’; it does not occur if
E > E0 . For Λ < Λsw , the magnetic field has virtually no
effect; the increase of Hc and decrease of Rac with increasing
Λ are scarcely perceptible. For this range of Λ, the primary
balance is still between Coriolis and viscous forces, but the
behavioral pattern changes dramatically at Λ = Λsw . For
Λ > Λsw , the Coriolis force is offset by the Lorentz force; Hc
and Rac are O(1). We shall refer to this way of breaking the
force of the PT theorem as ‘field domination’ or B-domination.
As Λ is increased further, Hc decreases as the Lorentz
force increasingly influences the motions. At the same
time it counters the PT constraint more strongly and Rac
decreases. Eventually though, Rac increases with Λ as a twodimensional MHD constraint analogous to the PT theorem
becomes increasingly influential. The power ratios (48b–d)
are
Ek 4
Λπ 2
Ek 4
, fη =
, fν/η =
.
fν =
4
2
4
2
Ek + Λπ
Ek + Λπ
Λπ 2
(64e, f, g)
In the case E = 0 of high rotation, the MS limit of (64b),
denoted by ∗ , is

(64a)

where kx and ky are dimensionless horizontal wave numbers,
with similar expressions for  and the remaining components
of u and b (= B − B0 ). On substituting into the equations of
section 6.2 governing u, b (= B − B0 ) and , and linearizing,
it is found that (Chandrasekhar 1954)
k2
π 2 k2
4
2
Ek
+
Λπ
+
Ek 4 + Λπ 2
k2 − π 2
√ 2
2
2
k = (kx + ky + π )

0.5

On increasing Λ from 0 for fixed E < E0 ≈ 0.0029, it is
found that Hc jumps upwards discontinuously at a particular
value, Λsw (E), of Λ where, to leading order,

6.4.2. Linear magnetoconvection; B-domination. It is of
great interest to discover how a magnetic field alters these
results but, if this is to be studied as a marginal stability
problem, the magnetic field has to be supplied externally, since
a dynamo can create field only if the flow is rapid enough
(section 5.2.3). Chandrasekhar (1954) analyzes marginal
magnetoconvection in a rotating Bénard layer in which the
applied magnetic field, B0 , and rotation vector, Ω , are vertical.
The possibility that the critical mode is overstable will be
ignored for the same reason as before, so that Hc (E, Λ) and
Rac (E, Λ) do not depend on P r and P m, but only on E and
the Elsasser number Λ.
Convective perturbations are Fourier analyzed into modes
of the form

Ra =

1

Figure 17. Rayleigh number, Rac , of convection cells at the onset
of magnetoconvection, as a function of the Elsasser number, Λ, for
Ekman numbers, E, between 10−2 and 10−8 . The limiting curve
(65b) for E → 0 is also shown.

the southern hemisphere. Therefore Ekman pumping creates
flow of negative (positive) helicity in the northern (southern)
hemisphere, making it an efficient field generator; see (29a, b)
and section 5.4.1. This basic convective cell structure is
discussed further in section 7.2, where it is held responsible
for field regeneration in simulations.

uz ∝ exp[ı(kx x + ky y)/D)] sin(π z/D),

1.5

Ra ∗ =

where
(64b, c)

k2
k2 − π 2

Λπ 2 +

k2
Λ

.

(65a)

This describes the results well, and gives the critical mode as
Rac∗ = π 2 [(Λ2 + 1)1/2 + 1]2 /Λ,
Hc∗ = [(Λ2 + 1)1/2 + 1]−1/2 D, for E = 0. (65b, c)
For Λ → ∞, these are asymptotically π 2 Λ and Λ−1/2 ; the
minimum Rac∗ over Λ is
∗
∗
Ramin
= 33/2 π 2 ≈ 51.3, Hmin
= 3−1/2 D ≈ 0.577D,
(65d, e, f )
for Λ∗min = 31/2 ≈ 1.73.

is the total wave number. Results derived by minimizing the
Ra of (64b) are shown in figures 16 and 17. These re-express
Chandrasekhar’s results in the notation used √
here, with the
(dimensionless) horizontal scale, H = πD/ (kx2 + ky2 ), of
the
cells replacing their horizontal wave number
√ convection
(kx2 + ky2 ). Only cases for E  0.01 are shown and the focus
is on small E.
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Perhaps the most striking feature of figures 16 and 17 is
how decisively the MS results (65b, c) separate ν-dominance
from B-dominance. The discontinuity in the MS power ratio,
∗
fν/η
, at mode switching is substantial:
∗
=
fν/η

3

(4π 2 E)−2/3
4
3
(4π 2 E)2/3
4

for ΛΛsw ,
for ΛΛsw .

(65g)

For the E = 10−15 of the core, Rac∗ is smaller than the Rac of
non-magnetic convection by a factor of E 1/3 of about 105 . This
is because the scale, Hc∗ , of the convection cells that overcome
the PT theorem are comparable with the depth D of the layer,
so minimizing their viscous and ohmic energy expenditures.
Eltayeb (1972) showed that similar results hold for almost
all other orientations of B0 and Ω . Differences arise mainly
because horizontal isotropy is lost, i.e. the solutions depend on
the horizontal components of B0 and/or Ω . This is illustrated
here for horizontal B0 (= B0 1x ), with Ω (= Ω1z ) again
vertical. The mode that convects most easily, or preferred
mode, is now a horizontal roll whose direction depends on E
and Λ. Instead of (66b), it is found that
Ra =

k2

k2
− π2

Ek 4 + Λkx2 +

π 2 k2
Ek 4 + Λkx2

.

Figure 18. The effect of a zonal magnetic field B0 on the linear
stability of a rapidly rotating convecting sphere. (Reproduced, with
permission, from the Annual Review of Fluid Mechanics, 32
© 2000, pp 409–43 by Annual Reviews www.annualreview.org.)

by extracting magnetic energy from B0 by reconnecting
its field lines. Their growth rates in non-rotating systems,
though depending on η, are small on the timescale τη over
which B0 evolves through ohmic diffusion so that B0 can
be taken as time independent when studying stability. The
resistive instabilities of a rotating system are conceptually more
complicated because τη < τMS for Λ <
∼ O(1), so that the
equilibrium (67a) may evolve more rapidly through ohmic
diffusion than a potential instability can develop. Several
studies (e.g. Zhang and Schubert (2000)) have shown, however,
that zonal fields, B0 = B0 (r, θ )1φ , are unstable for Λ >
∼ 10.
Unexpected instabilities have been reported for B0 with a
poloidal part.
If buoyancy forces are added to (67a),

(66)

Analysis of √
this dispersion relation shows that, for
E > E1 = 1/3 3π 2 ≈ 0.02, the preferred mode is kx,c = 0,
i.e. a roll parallel to B0 . This mode is unaffected by B0 and
therefore has the same large critical wave number and Rayleigh
number as in section 6.4.1 where it was shown that (62a, b)
hold for small E. For E < E1 however, the magnetic field
counters the PT constraint and kx,c √
and Rac are O(1). For
Λ > Λ1 (1 − E/E1 ) where Λ1 = 21 3 ≈ 0.9, the preferred
mode is ky,c = 0, corresponding to a roll orthogonal to B0 .
For Λ < Λ1 (1 − E/E1 ), the roll is oblique to B0 and Rac is
given by (65b), shown in figure 17.
Many studies have stepped closer to geophysical reality
by reintroducing spherical geometry and by assuming that the
applied field B0 depends on x. These studies are by now too
numerous to cite in full here, so we refer only to the review by
Fearn (1998) where earlier references can be found; see also
Zhang and Schubert (2000). Usually the basic state is assumed
to be in hydrostatic equilibrium,
0 = −∇p0 + J0 ×B0 ,

0 = −∇p0 + ρ0 γ0 αT T0 r + J0 ×B0 ,

(67b)

and the situation becomes significantly more complex. The
clearcut findings for the uniform B0 model above are obscured
by the magnetic instabilities. For example, Zhang (1995)
finds that the decrease of Rac with increasing Λ may not
reach a minimum because magnetic instability takes over from
buoyant instability. As a result, Rac may continue to decrease
even to negative values, where negative buoyancy is needed
to stop the magnetic instability that would otherwise develop.
See also Zhang and Jones (1996). Despite these complications,
the decrease in Rac and the increase of scale Hc , found for
the uniform B0 model when Λ is increased, still happen, as
illustrated in figure 18.
The difficulty of disentangling instabilities created by B
from those produced by the applied ∆T is even more severe
for dynamo models where flux rearranged over a time of order
τMS by a magnetic instability is regenerated by dynamo action
during a time of order τη , which is the same for Λ = O(1).
Usually (and here) no attempt is made to separate the two
instability mechanisms. Added complications are the thermal
wind ūT , the magnetic wind ūM , and the geostrophic wind
g
ū¯ ; see section 6.3.1. All of these influence the stability
characteristics of (67b). This issue has received attention too,
but is ignored here. See Fearn (1998).

(67a)

which is then perturbed and growing solutions sought, as
described above. This is a procedure very familiar to plasma
physicists, who find ideal modes growing rapidly on the
Alfvénic time scale τA = D/VA that draw energy from the
magnetic field as they reconfigure the lines of force of B0 .
The core is however in rapid rotation, in the sense that the
magnetic Rossby number, Rom = VA /2ΩD, is small. Alfvén
waves and their time scale τA then become irrelevant; instead
dynamic instabilities grow on the much longer time scale τMS
of section 6.3.2, i.e. Coriolis forces drastically lengthen the
time needed to extract the magnetic energy of B0 .
There are also analogues of the resistive modes of classical
plasma physics, such as the tearing mode, which grows

6.4.3. Nonlinear magnetoconvection; weak, strong and
subcritical dynamos. The findings of the last section are
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intriguing. Maybe the results of the linear stability analyses are
qualitatively correct even at finite amplitudes, when the field is
created by a dynamo instead of being supplied externally? That
hints at a thermodynamic reason for the existence of dynamos
in rotating masses of conducting fluid. Perhaps such bodies
operate convective dynamos simply to rid themselves of heat as
rapidly as they can by self-generating a field, B , of the strength
needed to break the PT constraint and facilitate convection?
Speculations such as these have been rife for more than 4
decades, an early example being Eltayeb and Roberts (1970).
The speculations are fueled by the linear stability analyses but
cannot take off until supported or denied by finite amplitude
studies that self-generate B .
In the linear analysis of the last section, B0 could be
arbitrarily assigned as could Λ in figures 16 and 17, which
are independent of the Prandtl numbers P r and P m; in
nonlinear analysis of the dynamo, B and Λ depend on Ra
(or equivalently the power P̄ τ ) in a complicated way, and P m
may be an especially important parameter (except for small E,
when q is more significant).
Finite amplitude instability can be attacked either
computationally as in section 7, or analytically as in Childress
and Soward (1972) and Soward (1974). The analytical
approach extends to finite amplitudes the asymptotic analysis
for E → 0 that led to (62a, b) for the plane layer; the
Prandtl numbers P r and P m are assumed to be O(1). All
developments to the end of this section suppose that E  1.
Supercritical states are sought, i.e. states for which
Ra =

Ra
−1
Rac

Hc of the motions and the diminishment of the viscous losses.
We call solutions in the entire range 0  Ra < Ra∗ weak field
states even though they are non-magnetic for Ra < RaB , i.e.
for Ra < RaB , where RaB = Rac (1 + RaB ). What happens
when Ra > Ra∗ , i.e. when Ra > Rac (1+Ra∗ ), is beyond the
scope of asymptotic theory, but Fautrelle and Childress (1982)
show that weak field states are unstable to field perturbations
for which H a = O(E −1/2 ).
This is as far as analytic theory goes; it has established
the existence of a narrow band of weak field states, defined by
Rayleigh numbers for which Ra − Rac is O(1) but is bounded
above by Ra∗ = Ra∗ Rac = O(1), beyond which weak field
states do not exist. When field is created, Λ = O(E), but all
weak field solutions are unstable to a perturbation for which
Λ = O(1).
One might speculate that the weak field states
(Rac  Ra < Ra∗ ) are analogous to the ν-dominated states
of the last section (Λ < Λsw ). As Ra increases beyond Ra∗ ,
one might hypothesize a transition to a strong field dynamo
state, analogous to the B-dominated states of the preceding
section with Λ > Λsw . Furthermore, an extreme case of
the strong field dynamo is the conjectured magnetostrophic
dynamo of section 6.3.2, where E = 0, and all the power input
is ohmically expended. The field strength in the strong field
dynamo is O((2Ωηµ0 ρ0 )1/2 ), which exceeds that of the weak
field dynamo by order E −1/2 (≈ 3 × 107 for the core), and is in
much better agreement with observations of the geomagnetic
field.
The instability of the weak field states to field
perturbations for which Λ = O(1) suggests that strong
field dynamos coexist with weak field dynamos. Moreover,
the fact that Rac∗ (E) (= O(1)) is so much smaller than
Rac (E) (= O(E −1/3 )) for the Bénard layer encourages the
belief that subcritical dynamos exist for Ra = O(1)
( Rac (E) ∝ E −1/3 ). The strong field branch must however
terminate when Ra is too small and P̄ τ is insufficient to
maintain a dynamo, leading to a catastrophic failure in which
both u and B disappear. It has been suggested that such a
failure led to the demise of the martian dynamo (Kuang et al
2008). If the Bénard layer is a reliable guide, none of this
happens for the larger E of ν-domination; then the bifurcation
is of a familiar supercritical type. The conjectured scenario
outlined in this paragraph is summarized in figure 19.
The second sentence of this section contains the reason
why the previous paragraph is speculative: if B-domination
and figure 19 have a factual basis, a dynamo mechanism
exists for small E that supplies the field replacing the applied
field of the last section. No such mechanism has yet been
found. In contrast, section 6.4.1 has established that viscosity,
buoyancy and rotation create helicity-rich motions that are
efficient generators; these lead to the ν-dominated models
of the next section. The weak field dynamos suggest that,
when E is sufficiently small and Ra is O(1) but sufficiently
large, B-dominance replaces ν-dominance. The existence
or non-existence of B-dominated dynamo states cannot yet
be established by the numerical simulations of the following
section, but this may be because the required small E states are
not yet computationally feasible, not because they do not exist.

(68)

is positive. As Ra increases from zero, U grows until field
generation becomes possible at Ra = RaB where Rm reaches
a critical value, Rm∗c . The result of increasing Ra further may
be summarized as follows.
The asymptotic theory assumes that E  1 and employs
 = E 1/3 . The behavior of the solution as Ra increases is of
prime interest. The asymptotic theory relies on the horizontal
scale Hc of the convection cells being small compared with D.
Although Hc is proportional to  as in (62b), the ‘constant’ of
proportionality (which is a function of Ra ) becomes infinite
when Ra reaches a critical value, Ra∗ (say). The field B
produced for Ra > RaB is proportional to (µ0 ρ0 νη)1/2 /D
with a ‘constant’ of proportionality that vanishes at RaB but is
infinite at Ra∗ (> RaB ); see figure 5(b) of Soward (1974).
The fact that B → ∞ for Ra → Ra∗ should not be
taken literally. It means primarily that the asymptotic analysis
breaks down because Hc becomes of order D. The theory
strongly suggests that B is greater than O((µ0 ρ0 νη)1/2 /D) for
Ra > Ra∗ .
The field strength B produced when RaB < Ra < Ra∗
makes the Hartmann number O(1); see table 1. This means that
the Lorentz force is comparable with the viscous force, not the
Coriolis force. Although a little of the power input, P̄ τ , is
expended ohmically, the majority is needed to overcome the
viscous opposition to motion. As Ra increases to Ra∗ , the
field and the ohmic dissipation grow. The increase in field
helps break the PT constraint creating the growth of the scale
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Table 3. Parameters typical of numerical simulations.
Parameter

Core

Input parameters
E
10−15
Ra
1024
Pm
10−6
Pr
0.1
Output parameters
Rm
103
Ro
10−6
Λ
O(1)
Re
109
Figure 19. Cartoon contrasting B-domination (left) with
ν-domination (right). The upward arrows mark where weak field
solutions terminate, and can transition to the strong field branch.
The downward arrows indicate where there is insufficient power to
maintain the strong field solution, leading to catastrophic failure of
the dynamo. Strong field solutions for Ra < Rac are termed
‘subcritical’.

Simulations
10−3 − 10−5
106 –109
0.1–10
0.1–10
40–3000
10−4 –1
0.3–10
10–2000

7.1. Numerical methods
Section 6.1 introduced the MHD dynamo and section 6.2
explicitly defined its Boussinesq form. In this section, we
discuss numerical solutions of the equations (43a–e) governing
this simplified cooling Earth model. Usually (though not
invariably), the equations are cast into equivalent though fewer
equations governing Tc and the four scalars S , T , Su , Tu in the
torpol representation of B and u (see section 5.1).
The most widely-used dynamo codes time step these
equations using the pseudo-spectral method (Glatzmaier
1984), which evaluates linear terms in spectral space and
nonlinear terms in physical space on a spherical grid.
Evaluation in spectral space means representing functions
such as S and T by expansions, truncated to O(N 2 ) terms
by replacing  = ∞ in (16g, h) by  = N . In addition,
the r-dependence of functions such as Sm (r, t) and Tm (r, t)
is represented by a sum of N Tchebychev functions, Tn ,
rescaled in r. Each time step requires a transformation from
spectral mn-space to grid rθφ-space, and vice versa. In
the most commonly used method, m ↔ φ and n ↔ r are
carried out by fast Fourier transformations (FFT); for  ↔ θ ,
series over Pm (θ ) and Gaussian quadrature are used. For
simulations in planar geometry, FFT can be employed for all
three coordinates.
Advantages of the pseudo-spectral method include its
accuracy, the simple way it deals with (or eliminates)
the pressure pe , and its easy enforcement of the dynamo
conditions (18g, h). Alternatively, some simulators have
chosen finite element methods to represent B , u and Tc
which enjoy the advantage of flexibility in the allocation of
spatial resolution. For a more detailed description of these
techniques and a discussion of their strengths and weaknesses,
see Christensen and Wicht (2007).
As in nearly all numerical methods, the time step dt is
limited by the CFL condition (named after Courant, Friedrichs
g
and Levy), which requires dt < u dx and dt < VA dx,
where dx is the grid spacing, u is the fluid velocity and
g
VA is the torsional wave velocity; see (59a). This imposes
a limit on dt that is O(N −1 ), and makes it difficult for
numerical simulators to reproduce high Reynolds number
flows faithfully. Numerical methods exist that are not limited
by the CFL condition, for example the WENO method (e.g. Wu
(2007)), but they do not circumvent the problem of inadequate
numerical resolution, as numerical diffusion arises wherever
the solution changes substantially over a few multiples of dx.

These difficulties and uncertainties will hopefully be
resolved in the not too distant future; some progress will be
reported in section 7.7.

7. Numerical simulations
Advances in computer hardware made it possible by the mid1990s to integrate the MHD equations numerically. The first
simulation of Glatzmaier and Roberts (1995a) did not solve
the full governing equations of the simplified cooling Earth
model, but instead ignored the inertial acceleration terms in
(43b). The governing equation for u is then diagnostic, as
it was for the magnetostrophic model of section 6.3.2, and
likewise obeys a constraint, one that is more complex than
(55). By taking Ro = 0, Glatzmaier and Roberts avoided
having to resolve the short torsional wave time scale τT ; see
section 6.3.3. All subsequent numerical simulations include
the inertial force and have to resolve τT . The simulated
flows generate magnetic fields that have spatial and temporal
characteristics consistent with the observed geomagnetic field.
The geophysical promise of these early models combined with
the increasing availability of cost-effective computing power
led to a surge in numerical simulation that has continued to
this day, many of which claim to be especially Earth-like for a
variety of reasons. Over time, a broadening database of models
became available, permitting a systematic examination of the
impact of differences between models. The typical range of
non-dimensional parameters occupied by most simulations is
listed in table 3. As dynamo simulations proliferate, perhaps
the most important question to ask is, ‘How realistic are they?’
In other words, how far can they be trusted to describe faithfully
the physics of field generation in Earth’s core? These are
questions discussed separately in part 3. Here, we present
a brief description of the simulations, focusing particularly
on how it relates to the theory laid out in sections 5 and 6.
For more detailed reviews of recent numerical modeling, see
Christensen and Wicht (2007), Wicht and Tilgner (2010) and
Jones (2011).
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Figure 20. Schematic drawings of the α mechanism for the generation of poloidal field from toroidal field. Magnetic flux is shown as
yellow ribbons, primary convective flow as black arrows, and secondary convective circulation as green arrows. See text for further details.

Figure 21. Schematic drawings of the α mechanism for the generation of toroidal field from poloidal field. Magnetic flux is shown as
yellow ribbons, primary convective flow as black arrows, and secondary convective circulation as green arrows. See text for further details.

Because VAC generation is so basic to today’s numerical
models, it is of some interest to describe the induction process
by the frozen flux theorem of section 5.2.1, where field lines are
swept along with the flow and reconnect where field gradients
are large. The axial columns responsible for VAC dynamos
are idealized versions of the columns that appear at the onset
of non-magnetic convection for E = O(10−4 ), and shown in
figure 15. The inducing flow of the axial cells, u , is periodic
in φ, and we seek to picture how the mean poloidal and toroidal
fields (which have respectively no and only zonal components)
reinforce each other.
Figure 20 illustrates the α-effect by which poloidal field
is produced from an initial toroidal field. We start from a
state where B̄φ is antisymmetric in z, being positive (west to
east) in the northern hemisphere, and negative in the southern
hemisphere (figure 20(a)). The axial flow within the columns,
depicted as green arrows, deflects the initial field in the axial
direction. The vorticity of each column twists these deflected
field lines, giving them a cylindrically radial (s-) component,
into and out of the page in panel b. Between the columns,
reconnection occurs at the locations marked ‘R’. The vortical
columns continue to twist the newly made loop until it is
predominantly poloidal (panel c).
Figure 21 illustrates the mechanism by which toroidal
field is produced from an initial poloidal field by the same
idealized triumvirate of convection columns as in figure 20.
The alpha effect of u is again responsible for field production
(section 5.4.3). The initial field is B̄z > 0, pictured in panel a
as field ribbons between the convection columns. In panel b,
these field ribbons are deflected in φ by the secondary return
flow between the columns near the equator, shown as green

7.2. Dynamo mechanisms
In general, dynamo simulations produce self-sustaining
magnetic fields when Ra is large enough for Rm to exceed
a critical value, Rmc , of about 40. Of primary interest in
the numerical models, with the magnetic curtain now drawn
aside, are the detailed mechanisms by which their fields
are generated. These mechanisms were first understood by
Kageyama and Sato (1997) and were visualized later in greater
detail by Olson et al (1999) and others. Prior to the simulations,
the main focus was on solutions of αω-type, as described in
section 5.4.3, in which |ūM |/|ūφ | and |B̄M |/|B̄φ | are small.
Contrary to expectations, however, most numerical models are
of α 2 -type; the toroidal velocity and field have much the same
magnitudes as the poloidal.
The dipolar field in the simulations is maintained
by the helicity-rich axial convection cells described in
section 6.4.1. The process creating field is sometimes
called Visco–Archimedean–Coriolis (VAC) generation, since
the flow consists of buoyantly driven convection columns with
length scales set by a balance between viscous and Coriolis
forces (see section 7.6). As table 3 shows, simulations do not
reach small E. Because viscosity appears in the equations
to be integrated, the ideas and terminology of the E → 0
asymptotic theory of section 6 are inapplicable. There are no
asymptotically thin Ekman layers in the numerical solutions,
though there may be finite regions near the ICB and CMB
where viscous forces are prominent. These can be thought
of as analogous to Ekman layers. With this understanding,
the ideas and terminology of asymptotic theory continue to be
useful.
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Axial Vorticity

Radial Field

arrows. The field disturbances are then swept further in φ and
s by the primary rotation of the columns, as depicted in panel
c, and are stretched until they reconnect in front of and behind
the columns at the locations marked ‘R’. Panel d illustrates the
final state of this idealized process, with B̄φ > 0 in front of the
columns in the northern hemisphere and behind the columns
in the southern hemisphere, and B̄φ < 0 behind the columns
in the northern hemisphere and in front of them in the southern
hemisphere.
These conceptual field generation mechanisms indicate
how a dipolar field is maintained by axial convection columns.
The actual field generation mechanism in the simulations,
though similar, is more complicated. Reconnection of field
lines is equally essential but is a continuous process due to
ohmic diffusion rather than being an abrupt failure of the frozen
flux theorem; see section 5.2.2.
7.3. Dynamo regimes

Ra = 40

Our description of the VAC mechanism in the preceding section
is essentially a linear one in the sense that it balances the
viscous and Coriolis forces, which are linear in u, with the
buoyancy force which is linear in Tc , and therefore in u for near
marginal states. Nonlinear inertial forces become increasingly
significant as the buoyant forcing (Ra) increases, and the
convective motions grow in amplitude and become more
irregular. When the inertial force is large enough, a transition
occurs from dipole-dominated fields to multipolar fields.
Figure 22 shows an example of field and flow from simulations
in each regime. In general, the coherent, columnar convection
manifest near onset generates dipolar fields (figure 22, left
column), and strongly driven, three-dimensional convection
produces less coherent surface fields (figure 22, right column).
(Note, however, that in some cases columnar convection
generates non-dipolar fields (Soderlund et al 2012).)
Christensen and Aubert (2006) showed that the Rossby
number, Ro = U /2D, of table 1 is not the best measure of
the inertial force to use in describing the transition. Instead,
they propose maintaining the scale dependence of the inertial
force in parameterizing its effects, leading to a ‘local’ Rossby
number, RoL = U /2LU = Ro (D/LU ), which is commonly
used in oceanographic contexts. Here, LU is the characteristic
flow scale. Figure 23 shows d plotted versus RoL for
the dynamo model population studied in King et al (2010),
where d is the dipolarity defined in (8c). The transition
from dipolar to non-dipolar field generation occurs near
RoL ≈ 0.1. In the parlance of astrophysical dynamo theory,
the dipolar field generation arises from large scale dynamo
action, where LB > LU , whereas the inertially dominated
convection operates as a fluctuating dynamo, where LB < LU .
It can be seen, however that a secondary dependence on P m
(indicated by symbol size) influences the regime transition,
presumably due to its influence on the relative length scales of
flow and field.
This discussion of dynamo regimes has so far focused on
the effect of varying Ra for E = O(10−4 ), P m = O(1),
and P r = O(1). When pushed to more extreme values,
these parameters also substantially impact the dynamics of

Ra = 4000

Figure 22. An example of the difference between dipolar (left
panels) and non-dipolar (right panels) dynamo simulations, from
Soderlund et al (2012) with permission. The top row shows
magnetic field structures as contours of Br on the outer domain
boundary, magenta and green showing positive and negative Br ,
respectively. The bottom row displays flow structures as isosurfaces
of axial vorticity, ζz , red (blue) being positive (negative). Both
simulations have E = 10−4 , the left with Ra = 40 and the right
with Ra = 4000.
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Figure 23. Calculations of dipolarity, d, are plotted versus the local
Rossby number, RoL from a suite of dynamo simulations. Symbol
colors vary with E, and symbol size is proportional to log(P m) with
0.06 < P m < 20.

the simulations. As the Ekman number is decreased to about
10−6 , the VAC convection columns become elongated in the
s-direction into sheet-like cells, an effect first observed in the
non-magnetic laboratory convection experiments of Sumita
and Olson (2000); see figure 24(a). The simulations of
Kageyama et al (2008) reached E = 5 × 10−7 , at which
sheet plumes were also observed; see figure 24(b). As with
the VAC dynamo mechanism illustrated in section 7.2, these
sheets generate magnetic fields by the α-effect, though their
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b

Figure 25. A polarity reversal from the simulation of Glatzmaier
et al (1999). Reprinted with permission from Macmillan Publishers
Ltd, copyright 1991.

Focusing on the magnetic Prandtl number, Takahashi et al
(2008) observe a marked separation of characteristic scales
of magnetic and kinetic energy when P m = 0.2 < P r.
Calkins et al (2012) utilize the computational advantages of
a non-magnetic, quasi-two-dimensional convection model to
illustrate that varying P r between 0.1 and 10 dramatically
alters flow structures and temporal behavior.

Figure 24. Visualizations from a an experiment and b a simulation
showing the development of sheet-like plumes at small E. The
experiment (Sumita and Olson 2000) was done in a rotating
hemisphere of water, with E = 2 × 10−6 . The simulation
(Kageyama et al 2008) has E = 5 × 10−7 . The image shows color
contours of axial vorticity. Image adapted from Kageyama et al
(2008) with permission.

7.4. Reversals; boundary conditions
Even the first numerical model had a solution that
spontaneously reversed its polarity; see Glatzmaier and
Roberts (1995b), and figure 25. Since then many other
simulations have also reversed their fields, and considerable
efforts have been made to learn more about the mechanism
responsible. For reviews specific to this topic, see Wicht et al
(2009) and Amit et al (2010).
Figure 23 shows that the models generally transition to
multipolar states as RoL increases above a certain value.
Although multipolar field generation is not directly relevant
to the geodynamo, these solutions also exhibit chaotic polarity
reversals of their weak dipole components. Interestingly, for
RoL only slightly less than the transitional value, solutions can
be found that are both dipole-dominated and exhibit sporadic
polarity reversals, whereas simulations at lower or higher Ra
only exhibit one or the other. Clearly, the possibility that
this explains spontaneous geomagnetic field reversals deserves
exploration. It is called the ‘VAC reversal mechanism’ below.
It is argued in section 7.6, on the basis of simulations
for which E > 10−6 , that LU = O(E 1/3 D). If this result
still holds for E = 10−15 , it implies that RoL = O(105 Ro),
which is about 0.1 for the Ro = 10−6 of table 1. Whether
this near transitional value supports the VAC reversal model is
very uncertain as no small E simulations exist that substantiate
LU = O(E 1/3 D) for E = 10−15 . It is equally plausible that
instead only strong field dynamos then exist and LU = O(D).
A more recent explanation of reversals sees them as a byproduct of core turbulence (Pétrélis et al 2009).
That dipolar, reversing dynamo simulations appear only
near a relatively sharp boundary between the dipolar and
multipolar regimes is an unsatisfactory aspect of the VAC

precise generation mechanism may differ from models with
larger E (Miyagoshi et al 2011).
The systematic influences of reducing P m and P r
to more realistic values are less well understood. The
numerical accessibility of small values of P m is limited by
the requirement that Rm > Rmc for dynamo action, by the
resulting high values of Re, and therefore by the CFL condition
(see section 7.1). Additionally, geophysical relevance requires
that Ro = ReE  1, such that reducing P m requires that E be
reduced as well. Christensen et al (1999) observe empirically
that the minimum value of P m required to spur dynamo action
(near convective onset) is related to the Ekman number as
P mmin ≈ 450E 3/4 .
The effects of varying P r are often ignored under the
presumption that turbulence standardizes effective diffusivities
such that ‘turbulent’ values of P r will tend toward unity
(e.g. Gubbins (2001)). Experimental evidence, however,
tends to refute this notion. For example, the influence
of P r on the dynamics of turbulent convection is found
to be significant even for very high Re (e.g. Ahlers et al
2009). In addition, however, the combination of thermal and
compositional convection in the core, for which P r < 1
and P r > 1, respectively, complicates the usual simplifying
reduction to a single buoyancy source (see section 6.2).
Despite these challenges, some modelers have addressed
the effects of fluid properties on the dynamo simulations.
For example, Sreenivasan and Jones (2006) vary P m = P r,
finding, in general, that the dynamics are relatively insensitive
to changes in P m = P r above values of 0.5, but when P m =
P r = 0.2, the relative influence of inertia becomes important.
36

Rep. Prog. Phys. 76 (2013) 096801

P H Roberts and E M King

7.5. Inner core rotation

reversal mechanism, as it requires the geodynamo to reside in a
narrow range of RoL . The need for such a coincidence may be
relaxed by different boundary conditions. In particular, most
models to date use fixed temperature conditions at the ICB and
CMB. As mentioned in section 6.1.4, fixed heat flux boundary
conditions are more realistic for the CMB, and the results of
Kutzner and Christensen (2002) suggest that they more easily
permit polarity reversals in dipole-dominated solutions.
Section 6.1.4 pointed out that, because the thermal time
constant of the mantle is so great, the thermal boundary
conditions at the CMB can be assumed to be independent of
t in studying core dynamics. Because the thermal state of
the mantle is unlikely to depend only on r, the temperature
and heat flux at the CMB depend on θ and φ. Many different
choices of Tc (ro , θ, φ) and IrT (ro , θ, φ) have been explored; see
the detailed review of this topic by Wicht and Tilgner (2010).
The frequency and style of reversals are affected by the choice
of thermal boundary conditions, and, interestingly, the virtual
magnetic poles sometimes follow preferred paths in longitude
during the course of reversals in response to these boundary
conditions. See section 3.2 and also Pétrélis et al (2011).
Beyond their impact on polarity reversals, laterally
heterogeneous thermal boundary conditions may also have
profound effects on the steady state behavior of flow and field in
the models. Willis et al (2007) observed that, imposing thermal
variations at the CMB inspired by those inferred from mantle
tomography, steady state field and flow can become ‘locked’
to the mantle in some models. This effect has been promoted
as a possible explanation for two pairs of geomagnetic flux
patches that are persistent in historical and archeomagnetic
field reconstructions. Aubert et al (2008) observe that an
imposed CMB heterogeneity may be communicated by large
scale convection patterns to the thermal boundary conditions
at the ICB, which is offered as a possible explanation for
the seismically observed anisotropy of the inner core. More
general exploration of the regimes produced by laterally
varying thermal boundary conditions are given by Davies et al
(2009) and Aurnou and Aubert (2011).
Just as various thermal boundary conditions can lead to
important differences in the dynamo solutions, so too can
changing the mechanical boundary conditions. Beginning
with Kuang and Bloxham (1997) some modelers have elected
to reduce the regrettably prominent role of viscosity in the
models by permitting free slip along the boundaries. In the
absence of the frictional effect of Ekman pumping, models
with stress-free boundaries produce more intense zonal flows
than models with no-slip boundaries. The differential rotation
of these mean flows is capable of generating strong toroidal
fields by the ω-effect (e.g. Buffett and Bloxham (2002); see
section 5.4.3). Strong zonal shearing, however, is also capable
of inhibiting the radial convection necessary for maintaining
dipolar fields by the α-effect. Thus, although stable dipole
solutions are found, they are generally less pervasive for
models employing stress-free boundaries than those with noslip boundaries. Parameter surveys using stress-free models
find a wealth of interesting non-dipolar regimes, marked by
a variety of field morphologies and temporal behavior (e.g.
Busse and Simitev 2006).

The Glatzmaier and Roberts (1995a) simulation treated the
inner core as a solid that has the same conductivity as the outer
core, and can freely rotate in response to the forces the outer
core exerts on it. Previously, insofar as the angular speed,
Ωi , of the inner core was contemplated at all, it was argued
to be in the same retrograde direction as the westward drift at
the Earth’s surface (section 3.2). Surprisingly, the simulation
predicted that the rotation is in the opposite, prograde sense and
is 2o –3o yr −1 in magnitude. Glatzmaier and Roberts (1996a)
showed that, even though their simulation had to use (as usual)
an E that was much too large, the viscous torque that the outer
core exerts on the inner core is negligible. The super-rotation of
the inner core is magnetically controlled; the inner core tries to
rotate with the lower layers of the fluid core as in a synchronous
motor. In this way, inner core rotation tells something about
the movement of these layers.
This prediction about Ωi would have been only of
academic interest had not the seismologists Song and
Richards (1996) quickly realized that the inner core’s
lack of axial symmetry could be used to test the model
prediction. Subsequent seismological research concluded that
the prediction, though correct in direction, overestimates its
magnitude by about an order of magnitude (Souriau 2007). The
too-rapid inner core rotation predicted by numerical models
may be explained by their lack of gravitational coupling. In
addition to EM torques, tidal bulging of the solid inner core
and mantle exchange gravitational torques when the bulges
are misaligned, and these gravitational torques may couple
inner core and mantle more effectively than magnetic torques
(Buffett and Glatzmaier 2000). The models, however, treat
the ICB and CMB as spheres, permitting no gravitational
coupling across the fluid core. When gravitational coupling
is re-instated, the prograde inner core rotation rate is reduced
by about an order of magnitude, in apparent agreement with the
later seismological results. Recently Tkalc̆ić et al (2013) find
Ωi ≈ 0.25 − 0.48o yr −1 , with additional decadal fluctuation
of order 1o yr−1 see also Roberts and Aurnou (2013).
The discussion of core convection within this article
focuses predominantly on that occurring outside of the TC,
which only encounters the inner core at its equator. Flows
within the TC, however, sweep across the full extent of the
ICB. Due to its distinct geometry, it is generally thought
that a thermal wind balance (51) in the TC leads to large
scale vortical flow there, with upwellings along the rotation
axis, prograde zonal flow near the ICB, and retrograde zonal
flow near the CMB (e.g. Aurnou et al (2003)). Such flow
structures are invoked to explain both the inner core superrotation, as well as a polar vortex beneath the northern
hemisphere CMB inferred from geomagnetic secular variation
(Olson and Aurnou 1999). Thus, in addition to geomagnetic
observations, recent developments permit useful information
about conditions far beneath the CMB to be extracted from
measurements of inner core rotation. More importantly, it
allows core dynamics to be observed derived directly from
seismology. See the review by Deguen (2012).
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Figure 26. Characteristic length scale of flow, LU /D, from numerical dynamo simulations plotted versus E and Λ. Symbol colors illustrate
values of Λ in panel a and E in panel b. The solid line in panel a shows LU = 5E 1/3 D.

magnetic fields do not strongly affect convection in the models,
despite having Λ  1 in most cases. Soderlund et al (2012)
switch off the magnetic fields in a subset of these dynamos,
and observe that the dynamical influence of magnetic fields
on convection is indeed weak. The ramifications of the
weak influence of Lorentz forces in these dynamo models is
discussed further in section 9.1.

7.6. Scaling
Since the simulations are incapable of reaching the parameters
necessary for true dynamic similarity with the geodynamo, we
turn to scaling analysis. The goal of such analysis is power
law scaling relationships, which depict the general behavior
of one parameter with respect to others within a particular
dynamical regime. Theoretical scaling laws can be built on
reductive assumptions regarding a system’s physics; testing
such scaling analysis against observations or model outputs
gives information about the quality of those assumptions. For
example, in section 6.4, the scaling behavior of the critical
length scale (Hc ) and Rayleigh number (Rac ) for the onset of
convection is portrayed for three distinct dynamical regimes.
Focusing on the scaling behavior of Hc , they are: Hc ≈ D for
non-magnetic (Λ = 0), non-rotating (E −1 = 0) convection;
Hc ∝ E 1/3 D for rapidly rotating (E → 0), non-magnetic
(Λ = 0) convection; and Hc ∝ Λ−1/2 D for magnetostrophic
E → 0, Λ = O(1)) convection. Assuming that these critical
wavelengths persist beyond onset, the latter two scalings
illustrate the stark contrast between the asymptotic structure of
convection with and without a magnetic field present. When
B = 0, it seems possible from section 6.4 that more than one
power law regime will emerge as E → 0, and such regime
transitions must be taken into consideration when developing
and extrapolating scaling laws.
Figure 26 shows a test of these predicted critical length
scales against results from a suite of dynamo simulations
carried out by Christensen and Soderlund (reported in King
et al (2010)). The numerical model follows the method laid
out in section 7.1, and all 159 individual simulations employ
no-slip, isothermal boundaries. Characteristic length scales of
convection are calculated as the inverse of the mean
azimuthal
wavenumber of kinetic energy, LU = πDu2 / mu2m ,
where um is the velocity of azimuthal mode m. Figure 26(a)
shows calculations of LU plotted against E. In it, the scaling for
critical perpendicular wavelengths in non-magnetic, rotating
convection, LU ∝ E 1/3 D, is shown as the solid line. Similarly,
figure 26(b) shows LU versus Λ. Figure 26(a) shows rather
clearly that in this broad array of dynamo simulations, the
characteristic length scales of convection follow the nonmagnetic scaling, LU ∝ E 1/3 D, regardless of magnetic field
strength. This observation indicates that viscosity is primarily
responsible for breaking the Proudman–Taylor constraint, and

7.6.1. Flow speeds. Several different scaling laws for the rms
flow speeds have been proposed, most of which are reviewed
by Christensen (2010) and Jones (2011). Three different
published scaling laws, in particular, are referred to as the
MAC, CIA, and VAC balance scalings, after the triple force
balance on which they are based, where ‘C’ stands for Coriolis,
‘A’ for Archimedean’, referring to the buoyancy force, ‘M’ for
‘magneto’, referring to the Lorentz force, ‘I’ for inertial, and
‘V’ for viscous. By focusing on just three forces, these scaling
laws exclude other possible balances, as for example in the
VAC reversal model of section 7.4 which requires four forces
in its description: VAC and I.
The CIA scaling has a different character from VAC and
MAC scalings in that C and I are conservative forces, leaving
the energy input from A unbalanced. Even though the viscous
force may be smaller than C, I and A forces, the CIA force
balance may apply to strongly driven, non-magnetic systems,
the A power input being carried by the turbulent cascade of I to
small wavelengths where it is dissipated by V. Cascade implies
that the kinetic Reynolds number, Re (∼ I /V ), is large, which
confirms that V is unimportant at large length scales. Since
Re = Ro/E, this also means that E  Ro, which agrees with
our estimates of E and Ro; see table 1. For magnetic systems,
the situation can be radically different. The CIA concept would
require the I force to be much greater than M, i.e. VA /U  1,
√
where VA is the Alfvén velocity (B/ (µ0 ρ0 )). However,
the estimates of table 1 contradict this, giving VA /U ≈ 70.
It appears therefore that the CIA force balance may not be
geophysically relevant. Because of the small magnetic Prandtl
number of the core, it is more plausible that A is ohmically
dissipated locally without cascade, and that the force balance
is closer to MAC than to CIA; see section 9.2. The viscous
domination and magnetic domination scenarios contrasted in
section 6 are then best studied through VAC and MAC balances
not involving I.
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which are determined by the third force in each triple balance.
They are
LU ∼ D,

LU ∼ Ro1/2 D

and

LU ∼ E 1/3 D,

(69g, h, i)
respectively for the MAC, CIA, and VAC balances. The MAC
balance length scale assumes that a magnetostrophic dynamo
will experience a relaxation of the Proudman–Taylor constraint
through the Lorentz force, following the ideas outlined in
section 6.4.2 (Starchenko and Jones 2002). The CIA balance
length scale is known as the Rhines scale, the length scale
at which the inertial term balances the Coriolis term in the
vorticity equation (Hide 1974). The VAC balance scaling
is the length scale at which the viscous and Coriolis terms
balance in the vorticity equation, and also corresponds to the
critical wavenumber scaling for the onset of non-magnetic
rotating convection shown in section 6.4.1. Although, within
the parameter range accessed by the simulations, these three
scaling laws are not very different, the observation that the
characteristic length scales are well described by (69i) (see
figure 26(a)) seems to indicate that the simulations are closest
to being in VAC balance (e.g. King and Buffett (2013)).
Christensen and Aubert (2006) derive another, empirical
scaling of the flow speeds using a database of simulations very
similar to that used in deriving figure 27. They assume that the
dynamics within the models are independent of all diffusivities,
and develop a set of dimensionless parameters reflecting this
assumption. There is very little evidence, however, that the
dynamics in the models, or even the core, are or should be
diffusionless. Evidence to the contrary abounds. For example:
magnetic diffusion plays a critical role in field generation
through reconnection (section 5.2.2); diffusive boundary layers
have been shown to be important in the establishment of global
dynamics (King et al 2009, 2010); varying Prandtl numbers
can substantially alter convection dynamics (e.g. Aubert et al
(2001); Calkins et al (2012)); and the LU ∼ E 1/3 D scaling
shown in figure 26(a) indicates that, within these simulations,
the Proudman–Taylor constraint is broken by viscosity acting
on the small length scales perpendicular to Ω .
The extrapolation of flow speed scalings (69) to the core
is complicated by the fact that no well constrained estimate
of LU exists. The simulations predict that LU ≈ E 1/3 D
(see figure 26(a)), but it is generally thought that Lorentz
forces, rather than viscosity, will break the Proudman–Taylor
constraint as E → 0, possibly leading to the large scale
flow expected for magnetostrophic convection (69g). Since U
can already be constrained by secular variation observations
(10f ), we may instead use (69d) to estimate LU . Taking
U = 0.4 mm s−1 , P̄ τ = 0.2 TW (see section 6.2.1), and the
remaining quantities from table 1, we have LU ≈ 2 × 105 m,
a value which supports the existence of a MAC balance in
the core (Starchenko and Jones 2002). If, instead, we use
the viscous scaling (69i), which predicts a core value of
LU ≈ 50 m, we have U ≈ 20 mm s−1 , a value that far exceeds
estimates from geomagnetic secular variation.

Figure 27. A comparison of flow speed scaling law (69c) with
calculations from dynamo simulations. Dimensionless rms flow
speeds, Re, are plotted versus RaP r −1 (D/LU ). Symbol colors
illustrate Prandtl number values from the simulations. The solid line
shows Re = 0.02RaP r −1 (D/LU ).

All three scalings share a balance between Coriolis and
buoyancy forces, which in the vorticity equation (45) is referred
to as the thermal wind balance (see (51a)):
− 2Ω · ∇u = γ0 αT ∇Tc ×r .

(69a)

The Proudman–Taylor theorem (49b) indicates that axial
gradients in u are small, so that we scale the Coriolis term
as 2Ω · ∇u ∼ 2U /D. Assuming that thermal gradients
are commensurate with characteristic flow scales LU , we take
the buoyancy term to scale as γ0 αT ∇Tc ×r ∼ αT g0 ∆Tc /LU .
Thus, we can estimate the rms flow speed as
U∼

αT g0 ∆Tc D
2LU

or

Re ∼ Ra P r −1

D
,
LU

(69b, c)

where the Reynolds number Re = U D/ν is the dimensionless
flow speed.
Figure 27 shows calculations of Re from the dynamo
simulations plotted versus the thermal wind balance scaling
(69c). The data are reasonably well described by the
predicted scaling, although a secondary dependence on P r
(denoted by symbol colors) is apparent. For extrapolation
to the geodynamo and other planets, where ∆Tc is poorly
constrained, (69a) is multiplied by U , and it is assumed that
U γ0 αT ∇Tc ×r ∼ γ0 αT ∇×(Tc r · u) ∼ P̄ τ /(ρ0 LU D 3 ), where
P̄ τ is the total buoyant power input (47c). The flow speed
scaling can then be written as
U∼

P̄ τ
2ρ0 LU D 2

1/2

or

Re ∼

CED
LU

1/2

,
(69d, e)

where
C=

P̄ τ D
= Ra(N u − 1)E −1 P r −2
ρ0 ν 3

(69f )

is a dimensionless convective power parameter.
The difference between the MAC, CIA, and VAC scalings
originate in their separate treatments of the length scale LU ,

7.6.2. Magnetic field strength. Section 5 shows that, if
driven by a steady velocity, the field of a successful kinematic
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dynamo grows from a small seed to become exponential in
time, as in (13a, b). In nonlinear dynamos, such as the dynamo
simulations, Lorentz forces increase with field strength B until
they modify the flow and saturate field growth. An important
question is, ‘What sets the field strength at which dynamos
saturate?’ Analysis of the scaling behavior of time-averaged
magnetic energy in the dynamo simulations helps to answer
this question. Again, Christensen (2010) and Jones (2011)
give more detailed reviews.
The stability theory of section 6.4.2 suggests that the
combined action of Lorentz and Coriolis forces promote
convection, so that the dynamo may naturally ‘select’
something akin to magnetostrophic balance. That is, field
growth saturates when Lorentz and Coriolis forces are in
balance, since a field that is more or less intense would inhibit
convection. This hypothesis suggests that B equilibrates
when either the Elsasser number Λ or the dynamic Elsasser
number Λd (see section 6.3.2) is of unit order. The results of
section 7.6.1 indicate, however, that the simulations are not
magnetostrophic. Soderlund et al (2012) calculate explicitly
the ratio between Lorentz and Coriolis forces, finding that the
latter is always stronger in dipolar dynamos. This ratio of
forces is well represented by Λd , which is always smaller than
unity in the simulations included in section 7.6.1, and does not
appear to saturate at any preferred value. Thus, the strength of
the Coriolis force alone does not seem to be selecting B in the
simulations.
Christensen and Aubert (2006) argue that the total
magnetic energy may instead be limited by the power available
to offset ohmic losses. The steady power budget (47g) can be
written as
Q̄τη = fη P̄ τ ,
(70a)

Figure 28. Characteristic length scales of magnetic field variations,
LB /D, plotted versus the magnetic Reynolds number. The solid line
shows LB /D = 3Rm−1/2 . Symbol colors indicate logarithmic
variations in Λ.

where we recall that Qη is ohmic dissipation, P is the total
convective power input, and fη is the mean fraction of total
available power that is dissipated ohmically. In the core, it is
expected that fη ≈ 1 since the alternative form of dissipation,
viscous, is likely negligible, primarily because P m  1. In the
simulations, however, this dissipation fraction can be directly
calculated and typically falls in the range 0.2  fη  0.8, and
so is maintained in the development of the scaling laws. The
left-hand side of (70a) can be scaled as µ0 ηJ 2 Vo , as in (15),
and using Ampère’s law (2a), we can scale the characteristic
current density as J ∼ B/µ0 LB , such that
B 2 ∼ fη

µ0 P̄ τ L2B
.
ηD 3

Figure 29. Dimensionless magnetic energy, H a 2 , plotted versus
fη C P m2 Rm−1 . The solid line shows H a 2 = 0.2fη C P m2 Rm−1 .
Symbol colors indicate the fraction of input power that is dissipated
ohmically, fη .

where we recall that H a = BD/(ρ0 µ0 ην)1/2 is the Hartmann
number, and q = κ/η is the diffusivity ratio (see table 1).
Figure 29 shows a test of scaling (70c) against calculations
from the dynamo simulations, and proportionality is indicated
by the solid line. The general agreement between the
scaling (70c) and the simulation data indicates that the strength
of magnetic fields produced by the models may be determined
by the convective power available to Lorentz work and
ultimately ohmic dissipation. We notice, however, that much
of the variation in magnetic energy, represented by H a 2 , can
be accounted for by changes in fη , as indicated by the color
scale. Although it is expected that fη → 1 for P m → 0, the
actual behavior of the dissipation fraction is more complicated
within the range of computationally accessible parameters. No
clear scaling for this important term has emerged; in fact, one
cannot even say that fη clearly increases as P m is decreased!
Interestingly, (70c) includes no explicit dependence on
the rotation rate. Presumably, the effect of the Coriolis

(70b)

As in section 7.6.1, one must treat the characteristic length
scale, in this case LB , as the typical length scale for magnetic
field variations. Section 5.2.2 points out that the expulsion
of magnetic flux tubes by vortical flow gives rise to field
−1/2
D. Figure 28 shows calculations of
scales of LB ∼ Rm

2
2
LB (= π DB / mBm
) plotted versus Rm. The solid
−1/2
line shows LB ∝ Rm
D, supporting this general scaling,
but we also notice a secondary dependence on field strength
itself; symbol colors indicate values of Λ.
Assuming that LB = Rm−1/2 D, (70b) becomes (24),
which by (69f ) can be written in dimensionless form as
H a 2 ∼ fη C q 2 Rm−1 ,

(70c)
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force may be implicitly included in its influence on U .
Christensen and Aubert (2006) use the CIA scaling for U
(section 7.6.1) in (70c), which incorporates a weak, but
explicit, -dependence in the magnetic field strength scaling.

be possible if only a small seed field is present, i.e. the dynamo
is subcritical in the sense defined in section 6.4.3. This result
illustrates how Lorentz forces may promote dynamo action,
and furthermore helps explain the propensity for stable, dipolar
field generation by rotating convection near onset.
Another signature of the magnetostrophic dynamo are the
torsional oscillations discussed in section 6.3.3. Torsional
oscillations, like magnetic relaxation, have mostly eluded
modelers. Some numerical studies quantify how closely
Taylor’s constraint is, or is not, satisfied using a ‘taylorization
parameter,’ defined by



3
(J ×B )φ d3 x.
( J ×B ) φ d x
(71)
Ta =

7.7. Taylorization and hints of magnetostrophy
Much of sections 6.3 and 6.4 is devoted to B-dominated
dynamos of MAC type. The underlying mathematics is
asymptotic theory for E → 0, which is appropriate for the
geodynamo for which E ≈ 10−15 (table 1). Subcritical, strong
and weak field dynamos were considered, but the asymptotics
of only the weak field dynamos has so far been unequivocally
established. The present section 7 has focussed mainly on
numerical dynamos, which are ν-dominated and of VAC type.
Many simulations employ E so large that it is sometimes
doubted whether they represent the geodynamo adequately.
Despite this general tendency, some simulations for small E
offer hints that a strong field dynamo may not be far off, and
we briefly highlight a few of these studies here.
Sections 6.4.1 and 6.4.2 show how dramatically different
are the length scales of convection depending on whether the
Proudman–Taylor constraint is released by viscous or Lorentz
forces, and in section 7.6 we analyze typical length scales of
convection in dynamo models as a simple tell-tale for the force
balance at work. Stellmach and Hansen (2004) utilize the
computational efficiency of cartesian geometry to reach small
Ekman numbers, and analyze the structure of flow in more
detail. Such box dynamos with E = 5×10−7 exhibit a jump to
large scale convection relative to corresponding non-magnetic
simulations, indicating the emergence of magnetic relaxation
of the PT constraint.
Although the low E value of Stellmach and Hansen
has proven more difficult to reach in spherical shell dynamo
simulations, recent modelers have observed the emergence of
large scale flows by changing the thermal boundary conditions
from isothermal (44c, d) to fixed flux in simulations with
E = 10−6 (Sakuraba and Roberts 2009). Subsequent work
(Takahashi and Shimizu 2012) shows that this relaxation of
the usual, small-scale columnar convection does not occur in
the absence of magnetic fields, but rather this transition to
large scale convection occurs only in simulations with both
flux based boundary conditions and dynamo action. This
observation indicates that the role of Lorentz forces is critical to
the relaxation of small convective scales, and may therefore be
linked to the emergence of magnetostrophy. The relationship
between thermal boundary conditions and magnetic fields is
not, however, well understood.
In the hunt for the subcritical dynamos discussed
in section 6.4.3, Sreenivasan and Jones (2011) combine
numerical simulations with asymptotic analysis. They find
that the Lorentz force of a strong dipolar field can enhance the
helicity of convective flow near its onset, when the initial field
is a strong dipole rather than a weak, disorganized seed field.
Dynamo action is observed for Rm < Rm∗c , where Rm∗c is
the critical magnetic Reynolds number for kinematic dynamo
action when Ra is increased from zero. In other words, a
strong dipolar field can encourage dynamo action that may not

Vc

Vc

Most simulations have Ta  0.4. Wicht and Christensen
(2010) investigate the zonal motions of geostrophic cylinders
C (s) for several models with E  1.5 × 10−6 . Three
of their simulations have Ta < 0.2 and display torsional
oscillations that cross the shell in time τT (see table 2). This
observation provides further evidence that the Taylor state and
magnetostrophic dynamo may yet emerge as E is decreased to
and beyond the current limits set by computational capabilities.
In section 9, we return to the issue of numerical dynamo
simulations and their frontiers.

8. Laboratory experiments
The computer simulations highlighted in the preceding
section 7 successfully generate magnetic fields with simplified
yet appropriate forcing mechanisms. They spectacularly fail
however to reach the geophysical reality of E = 10−15
and P m = 10−6 . As table 3 showed, E > 10−5 and
P m > 0.1 is more typical of simulations, which therefore
grossly enhance the role of viscosity (see also section 9). The
large E in simulations is such a serious shortcoming that it
tends to hide the no less important deficiency of large P m.
This particular shortcoming is totally avoided in laboratory
experiments, where real liquid metals adequately represent
core fluid and its P m.
The very small magnetic Prandtl numbers of liquid metals,
such as that constituting Earth’s outer core, have physical
repercussions for the geodynamo problem. Dynamo action
requires that Rm > O(10). The fluid Reynolds number
Re = Rm/P m must then reach O(106 ) for field generation.
The transition to turbulent flow usually occurs when 103 
Re  104 , a range rarely (and then, barely) sampled by
numerical simulation. Dynamo action in the computations is
possible only because the fluids of the simulations are endowed
with unrealistically high electrical conductivities, P m = O(1).
Real liquid metals (P m  10−5 ), however, must generate
magnetic fields within fully developed turbulent flows.
Turbulence plays an important role in the generation
of Earth’s magnetic field, and we shall come back to that
role in greater detail in section 9. In the mean field
theory of section 5.4.2, two influences of turbulence on field
generation are identified: the α-effect, whereby small-scale
flow correlations associated with the helicity of the turbulence
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create large scale field; and the β-effect, whereby random
small-scale motions effectively diffuse large scale fields away.
As Re increases, the β-effect becomes more important, to such
an extent that even the very possibility of dynamo action has
been questioned for P m  1 (Schekochihin et al 2005)!
In section 8.1, we briefly review experimental studies of
dynamo action. These experiments employ realistic material
properties and inherently ‘resolve’ turbulence, giving them a
distinct advantage over numerical simulations in approaching
core values of P m and Re. But they ignore Coriolis forces
and are kinetically driven in unrealistic domain geometries.
Buoyancy is an inefficient driving force and so, to reach the
required Rm values for dynamo action, experimentalists drive
flows with pumps and motors. These do not however naturally
create flows that favor dynamo action, as convective motions
do under the influence of rotation. Geometrical constraints are
then often imposed to promote flows proven (see section 5.3) to
encourage field generation. No successful dynamo experiment
to date has incorporated strong Coriolis forces.
These dynamo experiments focus on the induction
of magnetic field (11a), and sacrifice realistic core fluid
dynamics (43a–c). Another class of laboratory experiments
do the opposite: forgoing the goal of self-sustained field
generation, they investigate the remaining aspects of core fluid
dynamics presented in section 6, such as convection, rotational
dynamics, turbulence in the presence of magnetic fields, as
well as other dynamics and their various combinations. An
incomplete review of these core flow experiments is given in
section 8.2.

of MHD dynamo action for the first time. They are the Riga and
Karlsruhe dynamo experiments (Gailitis et al 2000, Stieglitz
and Müller 2001), and their collective results are reviewed
in Gailitis et al (2002). In both experiments, large volumes
of sodium are pumped through flow channels that constrain
flow to mimic theoretical kinematic dynamo models. Sodium
is the fluid of choice for nearly all MHD dynamo experiments
because of its relatively low density (ρ ≈ 103 kg m−3 ) and high
electrical conductivity (η ≈ 0.1 m2 s−1 ). For a more detailed
review of these two experiments, see Gailitis et al (2003).
The Riga dynamo experiment, shown in figure 30(a),
is designed after the Ponomarenko dynamo model (see
section 5.3.2). In the experiment, a schematic of which is
shown in figure 30(a), three concentric cylindrical vessels of
3 m length are filled with liquid sodium. Downward, helical
flow is produced at the top of the innermost cylinder by an
impeller driven by a motor at more than 100 kW. At the opposite
end, guide vanes remove mean vorticity from the flow as it
exits to the second cylinder to continue back upward as an
axial return flow. The outermost cylinder holds sodium at rest,
to increase the total magnetic diffusion time of the models
(Bullard and Gubbins 1977). Above Rm ≈ 20 (based on the
radius of the inner cylinder), oscillating magnetic fields of tens
of mT are produced and sustained for several hundred diffusion
times (Gailitis et al 2003).
The Karlsruhe dynamo experiment was designed after
the Roberts dynamo model (see section 5.3.3). Shown in
figure 30(b), the experiment consists of fifty-two 1 m long,
10 cm wide flow channels that are arranged in a cylindrical
array ∼2 m diameter wide. Each channel is comprised of two
concentric regions: an inner pipe, and an outer counterflow
pipe fitted with helical baffles that impart helicity to the flow.
The channels are interconnected at each end and sodium is
pumped through the channel array by three external magnetic
pumps driven at up to 200 kW. Beyond a critical flow rate, the
apparatus generates stationary magnetic fields of up to several
hundred gauss, sustained for more than an hour. The large
scale structure of the field is that of a dipole whose axis is
perpendicular to the helical flow channels (Müller et al 2006).
Both the Riga and Karlsruhe experiments are unstable
to dynamo action near their (relatively low) critical magnetic
Reynolds number, Rmc , calculated from their purely kinematic
counterparts. That the observed Rmc is not markedly
increased despite having Re
1 indicates that the small-scale
turbulence in these laboratory dynamos does not significantly
enhance the effective diffusion of magnetic field. This
absence of a substantial β-effect in the Riga and Karlsruhe
dynamo experiments is attributed to the particular flow paths
enforced. In the Karlsruhe dynamo experiment, for example,
the constrained helical flow channels limit turbulent velocity
fluctuations to less than 10% of the mean flow.

8.1. Dynamo experiments
8.1.1. Kinematic dynamo experiments. Before discussing
MHD dynamo experiments, we should first briefly mention
that the first experiment to verify Bullard’s conjecture that
a simply-connected conductor can produce self-sustaining
magnetic fields was reported in Lowes and Wilkinson (1963).
Modeled after the Herzenberg kinematic dynamo model (see
section 5.3.1), the experiment consists of two identical, solid,
iron-alloy cylinders with a radius of 3.5 cm embedded within
a solid block of the same metal. The axes of the cylinders
are perpendicular and separated in the direction orthogonal to
both axes by 8 cm. Remembering that the magnetic Reynolds
number, Rm, is not only proportional to σ but also to the
permeability µ, Lowes and Wilkinson improved the prospects
for regeneration by using ferromagnetic materials. Their
experiment produces spontaneous dynamo action when the
rate at which the cylinders are rotated exceeds some critical
value of order 1000 rpm. The experiment generates steady
and oscillating quadrupolar fields with intensities up to 1 mT.
Subsequent experimental designs demonstrate increasingly
subtle dynamic behavior, including magnetic polarity reversals
(Lowes and Wilkinson 1968). Though titled ‘laboratory
experiments of the geomagnetic dynamo’, these experiments
ignore the fluid nature of the geodynamo.

8.1.3. Turbulent dynamo experiments. Third generation
dynamo experiments seek to improve on the geophysical
relevance of the Riga and Karlsruhe dynamos by investigating
field generation in unconstrained domains. These experiments,
however, find dynamo action more elusive.

8.1.2. First generation MHD dynamo experiments. In 2000,
two liquid sodium laboratory experiments reported production
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Figure 30. Schematic drawings of four liquid sodium dynamo experiments. Panel a shows the Riga experiment. In it, labeled arrows
indicate (1) flow driving impellor, (2) inner helical flow channel, (3) axial return flow, and (4) quiescent sodium. Panel b shows the
Karlsruhe experiment. In it, sodium is forced through fifty-two interconnected helical flow channels by an external EM pump. Panel c
shows the von Karman sodium (VKS) experiment. In it, turbulent flow is driven by opposed, counterrotating impellors. Panel d shows the
Maryland spherical Couette flow experiment. In it, the inner and outer spherical boundaries rotate independently to drive turbulent flow with
a background rotation.

As discussed in section 5.3.4, Dudley and James (1989)
define a class of flow topologies that are favorable for dynamo
action in spherical cavities. A similar mean flow pattern in
a cylindrical geometry is generated by the von Karman flow,
in which axially aligned disks on each end of the cylinder
counterrotate, driving flow radially outward by centrifugation.
The fluid travels axially toward the equator along the outer
boundary, and flow from each end of the cylinder converges at
the equator, leading to radially inward flow and convergence at
the center, and finally an axial return flow closes the loop. This
poloidal flow contains hyperbolic points where streamlines
separate, and field stretching and intensification occur strongly.
Differential rotation between the two disks produces a zonal
shear that can generate toroidal field through the ω-effect (see
section 5.4.3).
In 2006, an MHD dynamo experiment in Cadarache
generated self-sustaining magnetic fields (Monchaux et al
2007). Shown in figure 30(c), the von Karman sodium (VKS)
experiment, drives von Karman type flow using motor-driven
disks in a 52 cm long cylinder of diameter 41 cm filled with
sodium. After several unsuccessful attempts at dynamo action,
the VKS team was able to reduce Rmc to an accessible value by
implementing four modifications to the original von Karman
flow design: (1) the main flow chamber is enclosed in a second,

larger cylinder such that the turbulent flow is surrounded by
an 8 cm layer of relatively quiescent liquid sodium; (2) an
equatorial baffle is installed to limit mirror-symmetry; (3) the
disks are fashioned with curved blades to improve motor-flow
coupling; (4) these disk blades are made from ferromagnetic
material.
When the magnetic Reynolds number exceeds Rmc ≈ 32,
the VKS experiment spontaneously generates a stationary
dipolar magnetic field. The field strength reaches nearly
20 mT, and the dipole axis is aligned with the spin axis
of the disks. This field morphology was not predicted by
theoretical models invoking the mean flow, which produce
dipoles perpendicular to the spin axis. As the rotation rates of
the driving disks are independently varied, a wealth of different
dynamo states is observed (Monchaux et al 2009). Perhaps
most interesting is the observation of intermittent reversals
of field polarity (Ravelet et al 2008). As for the Earth’s
field, the duration of these experimental polarity reversals
is short with respect to a typical period of stable polarity;
see section 3.2. A relatively simple model of the reversals
is proposed by Pétreĺis and Fauve (2008), where mode–
mode interactions between the axial dipole and equatorial
quadrupole produce polarity reversals with temporal behavior
similar to the experimental results. A similar, low-order
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interaction model, with superimposed noise to synthesize the
effect of turbulence, is presented as a mechanistic argument
for geomagnetic reversals (Pétreĺis et al 2009).
Explaining the success of the VKS dynamo experiment
is frustrated by a poor understanding of the probably
interdependent roles of the four modifications listed above.
Chief among them is certainly the need for ferromagnetic
materials, which are not relevant to the geodynamo and make
the VKS dynamo not truly homogeneous, according to the
definition of ‘homogeneous’ in section 4. One might argue,
for example, that the VKS experiment is similar to the Lowes
and Wilkinson dynamo, where only the relative motions of
the solid ferromagnetic materials are important for dynamo
action, and the lubricating fluid acts to maintain electrical
contact between them. This is probably not the case, however,
since attempts at dynamo action using disk blades without
curvature failed, suggesting that the eddies ejected from the
blades are an essential part of the dynamo mechanism. Despite
the importance of turbulent flow in the VKS dynamo, it is not
well understood. Numerical modeling currently aims to gain
insight (Gissinger et al 2008, Laguerre et al 2008 and Giesecke
et al 2010).
Additional attempts at laboratory dynamo action in more
homogeneous conditions have hitherto failed. An experiment
at the University of Wisconsin drives liquid sodium flow within
a sphere 1 m in diameter using motor-driven impellers, which
is modeled after the flow (28a, b) of Dudley and James (1989).
Measurements of effective resistivity show that turbulence
significantly enhances effective magnetic diffusion, increasing
the critical magnetic Reynolds number beyond the predicted
threshold, Rmc ≈ 21, for dynamo action by the laminar
flow (28a, b) (Reuter et al 2011). Thus, despite reaching
Rm = 130, the experiment has not produced a dynamo
(Spence et al 2006). In contrast with the Riga and Karlsruhe
dynamos of section 8.1.2, these experiments have turbulent
velocity fluctuations that are typically comparable with the
mean flow speed.
Another interesting driving mechanism with potential
for dynamo action is Couette flow, in which fluid between
concentric cylindrical or spherical boundaries is driven by the
differential rotation of those boundaries. An experiment at the
University of Maryland drives sodium flow in a 60 cm spherical
shell by differential rotation of inner and outer boundaries.
Though interesting waves and instabilities are observed, no
self-sustaining dynamo action is achieved, despite reaching
Rm = 140 (Kelley et al 2007). One might speculate that
the strong zonal driving fails to escape the toroidal velocity
theorem (see section 5.2.3).

hundreds. And, co-rotating the boundaries at the maximum
rate gives a minimum Ekman number of almost 10−8 . This
latest Maryland dynamo experiment therefore represents an
attractive prospect for the examination of field generation by a
rapidly rotating, homogeneous liquid metal flow.
Another new experimental apparatus is also under
development at the University of Wisconsin. The device,
called the ‘Madison plasma dynamo experiment’ (MPDX), is
to be a 2 m spherical vessel wherein plasma is contained by
permanent magnets placed along the inside of the boundary.
Plasmas are advantageous for dynamo experiments in that their
kinematic viscosity and magnetic diffusivity are independently
controllable. The magnetic Prandtl number can be varied
in the range 10−3  P m  50, such that high magnetic
Reynolds numbers can be reached (Rm  1000) for less
turbulent flows than would be required for liquid metals. Flows
within MPDX will be driven by Lorentz forces acting upon
the edge of the confined plasma by interweaving a network
of electrodes within the high order axisymmetric array of
permanent magnets. Using such a forcing, azimuthal flow
conditions can be established at the outer boundary of the
plasma sphere with both time and space variability. For
example, flow of von Karman type can be imposed. A potential
challenge for relating such an experiment to the geodynamo is
the two-phase nature of the fluid, for which the usual MHD
equations are insufficient. Despite this complication, the
experiment promises especially interesting results in that it
should be able to overlap directly with the parameter space
occupied by the numerical simulations of section 7.
We note one more dynamo experiment that is currently
under development in Dresden, which aims to generate field
by precession; see section 6.1. The Dresden precession
experiment utilizes a cylindrical geometry. A cylinder with
a diameter of 2 m and equal axial length is to be rotated up
to 10 Hz. The cylinder’s axis and rotation axis are collinear,
and can be oriented anywhere from horizontal to vertical
within the laboratory frame. This apparatus is fixed to another
rotating platform that can be spun about a vertical axis at up to
1 Hz. Thus, the cylinder can be made to precess with varying
amplitudes and rates. It is expected that the Dresden precession
experiment will produce magnetic Reynolds numbers up to
about 600.
8.2. Core flow experiments
The above experiments probe the processes by which magnetic
fields are generated, following the theory outlined in section 5.
Many other experiments have been carried out to investigate
the fluid dynamics of the core discussed in section 6.
Laboratory observations of the Proudman–Taylor constraint (49e) were first reported in Taylor (1921). In the experiments, slow motions are induced in a fluid that is initially
in solid-body rotation, such that the dominant force balance is
geostrophic (49a, b). Flow structures are axially aligned, and
the effective diffusion of tracers by fluid motions is inhibited
in the perpendicular direction, in contrast with the isotropic
‘turbulent’ diffusion typical of non-rotating flows.
Reintroducing the buoyancy force, convection in rotating
fluids has been examined in a multitude of experiments.

8.1.4. Dynamo experiments in development. An exciting
new wave of laboratory dynamo experiments is currently
under development. Among them is another, larger, spherical
Couette device at the University of Maryland. Shown in
figure 30(d), the experiment boasts a 3 m outer diameter
sphere, with an ‘inner core’ of Earth-like proportion, which is
filled with liquid sodium. The inner and outer boundaries rotate
independently up to 15 Hz and 4 Hz, respectively, such that the
device should reach magnetic Reynolds numbers of several
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In the laboratory, gravity acts downward, but for spherical
models of core convection, an inward-pointing gravity vector
is preferred. Experimentalists circumvent this difficulty with
a clever trick: they use the centrifugal force felt in rapidly
rotating reference frame as a substitute for gravity (Busse and
Carrigan 1976). There are then two remaining problems with
the experiments: (1) centrifugal forces point outward, while
gravity in a planet points inward; (2) the centrifugal force
acts in the cylindrically radial direction, Os, instead of Or.
The first is overcome by flipping the temperature gradient
(cooling from the inside), such that the buoyancy force is
indeed outward. The temperature equation has even parity
and is therefore not affected. The second problem is thought
to be unimportant, as the axial component the buoyancy force
will be balanced in large part by pressure gradients resulting
from the implementation of the PT constraint outside the TC.
Also, self-gravitation within a homogeneous sphere increases
linearly with radius, and this is true of centrifugal acceleration
as well.
Experimental studies of convective instability largely
verify linear theory (section 6.3). Using visualizations of tracer
particles in water, the onset of convection and its structure
can be observed. In agreement with (62a, b), the critical
Rayleigh number is found to scale as Rac = O(E −1/3 ), and
the critical wavenumber as O(E 1/3 D) (Carrigan and Busse
1983). Subsequent experimental studies probed the nonlinear
regime of fully developed rotating convection in spheres
using more advanced diagnostics, examining, for example,
the generation of mean zonal flows (Cardin and Olson 1994,
Sumita and Olson 2000, Aubert et al 2001 and Gillet et al
2007). Figure 24(a) shows the development of sheet plumes
in the convection experiments of Sumita and Olson (2000) with
E = 2 × 10−6 .
Further simplified experiments investigate the regimes of
rotating convection in the Bénard layer (see section 6.4.1).
Using heat transfer scaling behavior as a tell-tale (see
section 7.6) for global dynamics, King et al (2009) combine
results from experiments and simulations to reveal the
important role of Ekman and thermal boundary layers in
transitions from rotationally constrained convection to that
which is not strongly affected by Coriolis forces. Subsequent
analyses in dynamo simulations verify the connection between
boundary layers and convective regimes (King et al 2010,
Soderlund et al 2012).
Comparisons between rotating convection experiments
using water (P r = 7) and the liquid metal gallium (P r = 0.02)
quantify substantial differences between the two (Gillet et al
2007, King and Aurnou 2013). Convection in liquid metals,
they find, manifest inertial effects such as turbulence and strong
zonal flows more readily than fluids with moderate P r. Such
experiments demonstrate that Prandtl number effects, often
overlooked in geodynamo modeling, should not be ignored.
The destabilizing influence of magnetic fields on rotating
convection discussed in section 6.4.2 is reported in the
experimental work of Nakagawa (1957). In it, a rotating layer
of liquid mercury is heated from below within a cyclotron
magnet. As the rotating layer is subject to magnetic fields of
increasing strength, a local depression of the critical Rayleigh

number is observed when the Elsasser number is order unity,
in agreement with the linear theory of section 6.4.2. Attempts
to extend this experimental test to turbulent states have hitherto
failed.

PART 3
9. The future
Progress in understanding the geodynamo is frustrated on
several fronts. Earth’s mantle draws a magnetic curtain
over the core field that limits observation of geomagnetic
variations to their largest and slowest components (section 2.2).
Analytical treatments of the equations (43) that govern the
geodynamo struggle to encompass all of their necessary
nonlinearities (sections 5 and 6). Laboratory experiments aptly
reproduce some of these nonlinearities, but application of their
results to Earth’s magnetic field is often indirect (section 8).
Numerical geodynamo simulations (section 7) successfully
reproduce some characteristics of the geodynamo, but do so,
as we outline below, for parameters that are largely unrealistic.
We present these difficulties not as failures but
rather as opportunities for progress.
And aided by
increasing technological capabilities, progress does continue.
Increasingly detailed measurements of the spatial and
temporal variations of the geomagnetic field welcome creative
approaches seeking to peer through the magnetic curtain.
Increasingly massive and sophisticated laboratory experiments
may produce dynamos that are far more relevant to the Earth
than their predecessors. Increasingly advanced computer
hardware and software permits geodynamo simulators to push
their parameters to expanding extremes. Below, we focus
entirely on the promise of these numerical models, and the
difficulties they face.
9.1. Computational progress and limitations
The results in section 7 illustrate the usefulness of numerical
simulations. Not only is the magnetic curtain of section 2.2
drawn aside, but also the toroidal field is exposed to view,
together with detailed workings of processes that successfully
regenerate magnetic field. Unfortunately this does not
necessarily mean that these insights are directly applicable to
the geodynamo. Thus, we end our article by addressing a
pressing question, ‘How realistic are numerical simulations of
the geodynamo?’ In other words, how far can these models be
trusted to replicate faithfully the physics of field generation in
Earth’s core?
Here, two difficulties dominate all others.
First,
knowledge of the physical state of the core is incomplete; even
its composition is unknown. Second, its MHD is simulated
unrealistically. The latter difficulty is so severe that the
former is often ignored as secondary, as it will be here.
We therefore continue to refer to the Boussinesq model of
section 6.2 even though it is less realistic geophysically than
the scenario of section 6.1. Section 6.2 sets up equations and
boundary conditions that formulate the mathematical problem
completely; section 7.1 outlines a computational procedure for
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solving these governing equations. Given infinite computing
capacity, the geodynamo problem could, in principle, be
solved. Naturally, that dream is far from reality; the question
is, ‘how far?’
The governing equations involve two small parameters:
the Ekman number, E, is about 10−15 ; the magnetic Prandtl
number, P m, is about 10−6 . Extreme values such as these
take numerical computation out of its comfort zone. Most
simulations today are limited to E  10−5 and P m  0.1.
Both of these deficiencies make for simulations that are far
too viscous. If, for example, the core were filled with honey,
E would still be about 10−11 , still well beyond the reach of
simulations. And no known liquid conducts electricity so well
that P m = O(1). The interaction between field and flow
in the simulations occurs as nowhere in the natural world.
For example, the α 2 -dynamo driven by the axial convection
cells depicted in figures 20 and 21 cannot persist when viscous
and magnetic diffusivities are orders of magnitude apart. The
width of the axial cells is set by the viscosity and, when
P m = O(1), magnetic field is wound up by them as described
in section 7.2. When P m  1, however, field lines cannot
maintain variations on the small scales of the viscous cells,
and will instead thread these columns largely undistorted.
The fact that only P m of unit order is numerically
accessible plausibly has a major impact on geophysical
realism. Not only does the lack of scale separation alter the
effect of flow on field, but the underlying fluid dynamics is also
affected. When the viscous force is inappropriately strong,
it can replace the Lorentz force as the main factor breaking
the Proudman–Taylor (PT) constraint. The buoyant power
P (= Qν + Qη ) is not primarily expended on ohmic dissipation
Qη , where it is needed to offset the power, F , required to create
field (section 5.1.2), but also goes largely via Qν in maintaining
the axial cells. To say that these models are simulating the
wrong physics may not be an exaggeration.
Why is it so difficult to perform low P m dynamo
simulations? Section 5.2.3 showed that field creation requires
that the magnetic Reynolds number, Rm, be greater than a
critical value, Rmc , of order 100. In order to reach low P m,
the kinetic Reynolds number, Re (= Rm/P m), has to be very
large, but most simulations are limited to Re  103 by the
resolution issues imposed by the CFL condition. This difficulty
is often encountered also by investigators of astrophysical
dynamos, such as the solar dynamo (Tobias et al 2013).
The geodynamo suffers from the extra constraint of low
Ro = ReE, which requires the Ekman number E to be small
and creates additional numerical challenges. For instance,
convection with E  1 has fine viscous length scales in the
bulk, Lν = E 1/3 D, and even finer Ekman boundary layers of
thickness δE = E 1/2 D, which must be resolved.
We attempt to assess the severity of the numerical
resolution challenge by considering the preferred pseudospectral method discussed in section 7.1. If N is the number
of Tchebychev functions used in r, the number of spherical
harmonics for φ and θ is O(N 2 ), so that O(N 3 ) coefficients
are involved. The data in grid rθ φ-space is transformed to
and from spectral mn-space at each time step. The nonlinear
terms are computed in the former, and this is the major factor in

determining the number, nop , of algebraic operations per time
step. It is, with a large prefactor, O(N 4 ). The prefactor involves
log N , but it is the power of N that is decisive. Numerical
stability demands such as the CFL condition ensure that the
time step is at best proportional to N −1 . Therefore nop in
a fixed time interval, such as the magnetic diffusion time, is
O(N 5 ). Thus, in order to double the numerical resolution, nop
is increased by a factor of 32; a tenfold increase requires 105
times as many operations. As mentioned above, a dominating
small dynamic scale in rotating flows is the thickness of the
Ekman boundary layer, δE = E 1/2 D. Adequate resolution
of the scales D > L > δE requires N = O(E −1/2 ), and so
nop = O(E −5/2 ). A typical present-day geodynamo simulation
operates at E = 10−4 , and so must resolve O(100) grid points
in each direction. An integration over one diffusion time is
accomplished in roughly 500 CPU hours, taking nominally
one day on 16 dedicated processors. To achieve E = 10−15
using such simulations, more than 107 grid points are needed,
requiring an increase in nop by an O(1027 ) factor over that used
for E = 10−4 . Such a calculation would consume roughly
1030 CPU hours, so that, running non-stop on 106 processors,
it would take 1020 years to compute! For a more detailed and
precise discussion, see Davies et al (2011), but the severity
of the challenge is clear. The vast range of scales that are
dynamically active in the core cannot be resolved by present
computational methods and resources.
Computational capabilities have been advancing exponentially for several decades, and may continue to do so in the
future. Moore’s Law defines an empirical exponential scaling
of computing power as a function of recent historical time.
We can similarly observe advancements made in geodynamo
simulations since 1995, shown in figure 31. In it we plot
the minimum effective Ekman number achieved by numerical simulations in a given publication year. The ‘effective’
Ekman number Eeff is a crude way to standardize different
definitions of E used by different modelers. Some, for example, use ro instead of D in their definition of E, which must be
accounted for. Some also use variable viscosities, sometimes
called hyperviscosities, from which we conservatively take the
highest used value to define Eeff . Some others assume a degree
of azimuthal axisymmetry, by which we multiply their definition of E to get Eeff . We limit the simulations shown to those
solving the full BA equations (43) with no-slip boundary conditions (44a, b), but include the original model of Glatzmaier
and Roberts (1995a) which omitted the inertial term.
Figure 31 illustrates how models trend toward smaller E
simulations over time, which is fitted (for 1997 onwards) by
an exponential relation
min
= 0.009[±0.005] exp{−0.68[±0.05] (tyr − 1995)},
Eeff

(72)
where tyr is year AD. Although based on limited data, this
trend, shown as the solid line in figure 31, permits projection
of continuing advances. Should this exponential trend hold in
the future, simulations with E = 10−8 , 10−10 and 10−15 might
be expected in 2015, 2022 and 2038, respectively.
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Figure 31. A timeline of simulation advancement. The minimum effective Ekman number, Eeff
is plotted versus publication date. The
overall trend shows how more realistic (lower E) simulations are achievable as computer technology advances.

framed as one of inadequate numerical resolution, and is often
attacked by including terms in the equations governing the
NRS that describe how the SGS should affect them. Similar
parameterization of the SGS has been a preoccupation of
turbulence theory ever since the 19th century.
The traditional LES treatment of the momentum equation
follows from the decomposition (30a) of u into its mean and
fluctuating parts: u = ū + u (where here we omit the e
for ensemble averages). Osborne Reynolds introduced this
representation as long ago as 1894. Using (43a), the ith
component of the inertial force is ρ0 u·∇ui = ∇j (ρ0 ui uj ). Its
average is therefore ρ0 ū·∇ūi −∇j Rj i , where Rij = −ρ0 ui uj
is the Reynolds stress tensor. (We shall omit ρ0 below.) Here
we assume (as is usually done) that the fluctuating components
have zero global mean, but that correlations between them may
contribute to the NRS. Averaging the equation of motion gives

9.2. Turbulence
9.2.1. Large eddy simulation. The primary computational
method to date for decreasing the role of viscosity in the
simulations reported here has been brute force. That is,
following the guidelines outlined above, modelers compute
direct numerical simulations (DNS) of the governing equations
on more and faster processors, permitting finer resolution,
which in turn permits simulations at smaller E. Otherwise,
only the magnetostrophic dynamo of section 6.3 holds an
uncertain hope of solutions for E = 0.
An alternative approach is large eddy simulation (LES),
which is already in use in many areas of computational fluid
dynamics. This abandons DNS, and attempts to compute
solutions to the governing equations for the numerically
resolved scales (NRS) alone. Below the NRS, sub-grid scales
(SGS) are not resolved. A scale interface, LS , is introduced,
and scales L greater (less) than LS are assigned to the NRS
(SGS); the NRS variables carry an overbar: ū, B̄ and T̄c . The
SGS are denoted by a prime, so that (30a, b) are now replaced
by u = ū + u and B = B̄ + B .
The need for LES is nowhere more apparent than when
modeling core turbulence. The difficulties faced are common
to virtually every branch of fluid physics and have created
an immense literature, only a tiny fraction of which can be
touched on here. Turbulence is the manifestation of strong
nonlinearities in the governing equations, that here link u,
B and Tc over ranges of time and length scales that are
too wide to be resolved numerically, but where failure to
do so can seriously distort the dynamics of the NRS. The
ensuing complexity has intrigued and frustrated researchers
for generations. Since the advent of numerical solutions to
the governing equations, the turbulence problem is usually

∂t ūi + ū · ∇ūi = −∇(p̄/ρ0 ) + ν∇ 2 ūi + ∇j Rj i ,

(73a)

which is called the Reynolds Averaged Navier–Stokes (RANS)
equation; for simplicity, the Lorentz, Coriolis, and buoyancy
forces are ignored.
LES methods solve for ū using the RANS equation in
much the same way as DNS compute solutions to (43b),
but include the Reynolds stress tensor which describes the
influence of momentum in the SGS on that of the NRS and must
be parameterized in terms of the NRS. The nonlinear terms in
the full equations (43a–e) governing u, B and Tc create, in the
corresponding Reynolds averaged equations governing LES,
further correlation tensors, including Tc u proportional to the
turbulent transport of heat. The LES procedure requires these
to be parameterized too.
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scalars or tensors, is a crude parameterization of the SGS.
This follows from a comparison of the results derived from
the turbulent diffusivity approach with those following from
scale similarity techniques, described for instance by Matsui
and Buffett (2012), where earlier references may be found.

The popular idea of an ‘eddy viscosity’, aka turbulent
viscosity, ν e , does this simply: for constant ν e ,
Rij = ν e (∇i ūj + ∇j ūi ),

∇j Rj i = ν e ∇ 2 ūi .

so that

(73b, c)
Clearly by (73a,c) the resulting form of the RANS equation
coincides with the original NS equation with ν replaced by
the sum of the molecular and eddy viscosities: ν̄ = ν + ν e .
This way of describing the action of the SGS in the core on its
NRS is too simple. In reality the physics of the SGS are too
complex to be represented simply as an NRS energy sink. The
SGS are undoubtedly influenced by the directions of Ω and B̄ ;
see section 9.2.2. The idea of a turbulent viscosity therefore
fails; the next simplest approximation replaces it by a tensor
νije kl :
Rij = νije kl ∇k ūl ,

e

T
Ic,i
= ui Tc = −κije ∇j T̄c ,

9.2.2. Explicit models of the sub-grid scales. Turbulence
in the core is very different from the classical Kolmogorov
picture. Rotation gives flow a preferred direction, so that
isotropy and homogeneity are not generally valid assumptions.
In rotating flows, the inertial subrange exists only on scales
smaller than the Rossby radius, L = U /2, which is at most
O(1) m in the core, and since L < Lν , no inertial subrange
is expected within the core. Similarly, MHD turbulence is
anisotropic on all scales, and anisotropic effects even increase
for decreasing length scales (Tobias et al 2013). A final
complicating factor for core turbulence is the style of forcing.
Classical turbulence assumes a distinct kinetic energy injection
scale Linj ∼ D, such that the flux of energy from the large
scales to the diffusive scale Lν is conserved in the steady
state. In contrast, buoyancy forces can do work across
a broad range of scales, disrupting this picture of energy
cascade. Core turbulence is a combination of these three
important ingredients: rotation, magnetism, and buoyancy; and
a treatment of the SGS for the geodynamo problem requires
that they all be considered in concert.
The first study of small-scale core turbulence was that
of Braginsky (1964), which was continued by Braginsky and
Meytlis (1990), denoted here by ‘B&M’. See also sections 4.3,
4.4 and appendix C of Braginsky and Roberts (1995) and
section 3.5 and appendix B of Braginsky and Roberts (2003).
The objective is to model length scales L in the SGS range

(74a, b)

where the 36 components of the fourth rank tensor, νije kl , satisfy,
without loss of generality νjeikl = νije lk = νije kl , and are such
that the entropy production rate, (∇k ūl )νije kl ∇k ūl , is positive.
Equation (74b) adds the generalized turbulent transport tensor
for heat; Tc has been written as T̄c + Tc and the turbulent
heat transport, IcT = ρ0 cp Tc u (with ρ0 cp removed) has been
represented by the tensor κije . Again, turbulent transport terms
for Lorentz forces and magnetic induction are left out for
simplicity. All of these SGS terms are likely to be strongly
influenced by the large scale environment in which they reside,
especially Ω and B̄ ; see section 9.2.2.
Actions of the SGS on the NRS that are modeled in this
way are sometimes called local turbulence theories, since they
implicitly assume the attributes of turbulence at a point x
depends only on the physical state at the very same x. The
MFE developed in section 5.4.2 is a local turbulence theory in
which the β-effect describes how the SGS add to the molecular
diffusion of B̄ . Since diffusivities are additive, the combined
effects of molecular and turbulent transport on the NRS are
represented, for ū and I¯cT by
1
ν̄ijT kl = νije kl + ν(δik δj l + δil δj k ),
2

Lν < L < Lη ,

(75)

where Lν and Lη are the respective length scales below
which viscous and magnetic diffusion dominate and kinetic
and magnetic energies are dissipated. This definition of the
SGS range highlights a difference between the core and most
astrophysical MHD systems. In the latter, Rm  O(108 ),
whereas in the core Rm = O(1000). This is an important
difference in that the modest value of Rm in the core makes
the induction equation accessible to modelers, whereas in
astrophysical systems such as the solar dynamo, both Lν and
Lη are buried within the SGS.
According to estimates made in sections 5.2.2 and 6.2.1,
Lν ≈ E 1/3 D ≈ 102 m and Lη ≈ LB ≈ 105 m. The
range (75) is where field generation is negligible, but it is an
important range for flow. For example, as described below, the
fastest growing convective instabilities may occur in the SGS,
plausibly supplying the power required by the geodynamo.
The breadth of this range is due to the tiny values of P m = ν/η
and q = κ/η = P m/P r (see table 1), because of which B is a
far ‘smoother’ vector field than u and Tc and is plausibly well
represented for SGS scales by a uniform field B0 (= B̄ ). The
mean velocity ū of the NRS is also treated as constant and its
effect is eliminated by using the co-moving reference frame.
The buoyancy force driving the SGS motions is represented by
a uniform β 0 = ∇T0 .

κ̄ijT = κije + κδij .
(74c, d)

Estimates of the magnitudes of turbulent diffusivities in
the core tend to be of order 10−2 m2 s−1 (e.g. Buffett and
Christensen (2007)), which boosts ν and κ to turbulent
values (74c, d). This invites us to continue using the governing
equations (43) of section 6.2, but to replace ν and κ by ν̄ijT kl
and κ̄ijT .
It remains to be determined what, exactly should be the
turbulent transport tensors νije kl and κije . In order to determine
an appropriate treatment of the SGS, a detailed understanding
of small-scale core turbulence is essential.
From the disparity between τrev and τη discussed in
section 5.4.2, it seems possible that turbulent diffusivities
in the core may be much larger than 10−2 m2 s−1 , possibly
exceeding the 0.7 m2 s−1 (≈ η) of the molecular η of Pozzo
et al (2012); see section 5.1.1. Clearly this conclusion is
highly speculative. Moreover the study of Buffett (2003)
suggests that the concept of turbulent diffusivities, whether
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B&M investigate the convective stability of a small
segment of the core, represented by a cartesian box. They
assume that u, B − B0 , Tc , . . . are small, and proportional to
eλt eı k·x = eλt exp[i(kx x + ky y + kz z)].

The maximization of λ is most easily accomplished in
two steps. The first gives λmax1 , the maximum over Y , which
is clearly given by Y = 0, and requires kΩ = 0, i.e. k is
orthogonal to Ω ; see the PT theorem of section 6.3. It follows
that
2
(k 2 − kg1
)
,
(77f )
λmax1 = −κk 2 + ω02
2
k X
where kg1 = |(g ×Ω ) · (k×Ω )|/gΩ 2 is the part of kg
corresponding to directions orthogonal to Ω . The second step,
maximization of λmax1 over X, gives X = νk 2 and kB = 0;
see the magnetic analogue of the PT theorem mentioned below
(64e–g). Thus k is orthogonal to B0 . If Ω and B0 are
not parallel, they define e = Ω ×B0 /ΩB0 which gives the
directions of k for which λ is maximal: k = ±k e and

(76a)

They then solve the resulting dispersion relationship for λ,
which they simplify by including only the time dependence
of Tc , which may be considered reasonable in a first
theoretical treatment.
The result is


2
( B 0 · k )2
2
2
2
2
k + (2Ω · k)
(λ + κk ) νk +
µ0 ρ0 ηk 2

( B 0 · k )2
+αT νk 2 +
( g × k ) · ( β 0 ×k )
µ0 ρ0 ηk 2

−2Ω · k(g ×β 0 ) · k = 0.
(76b)

λmax = −κk 2 + ω02

k 2 + λD 2 /κ
k 2 − kg2

Ek 4 + ΛkB2 +

2
k 2 kΩ
4
Ek + ΛkB2

.

(76c)

In the marginal case λ = 0, this agrees with (64b) and (66).
In the former, kB = π , in the latter kB = kx , and in both
kg = kΩ = π. The orientation of (66) is the one on which
B&M focus: B0 = B0 1x , Ω = Ω1z , g = g1z .
The analysis of B&M is not primarily concerned with
marginal stability but with determining which convective
modes grow fastest. Thus minimizing Ra for λ = 0 is
abandoned in favor of maximizing λ. This may be done by
writing (76c) as
λ = −κk 2 + ω02

k 2 − kg2

X = νk 2 + λ0

X2

k2
kB
k

X
,
+ Y2

,

kΩ
ko
<
1
k
k

Y = 2Ω

kΩ
k

,

(77a, b, c)

σ B02
VA2
,
(77d, e)
=
η
ρ0
and the wave numbers have again their original dimensional
forms. The parameter λ0 is the reciprocal of the EM time,
τEM , introduced in section 6.3. It coincides with 2Ω for
Λ = 1. Here we take Λ = 10 and λ0 = 1.4 × 10−3 s−1 . The
parameter ω02 resembles the square of the Brunt frequency but
has the opposite sign because the stratification is top heavy.
To estimate it, recall that it was shown in section 6.1 that
away from boundaries the superadiabatic temperature is of
order 10−5 K. This suggests that β0 is very approximately
estimated by supposing that a drop in temperature of 10−5 K
happens over the core depth D, giving β0 = 10−11 K m−1 and
ω0 ≈ 3 × 10−8 s−1 ≈ 1 yr −1 .
ω02 = gαT β0 ,

and

ko
kB
<
 1,
k
k

(78a, b)

define wide ranges of kΩ and kB in which the sides Ω and B
of the plate are finite and much exceed its thickness u .
St Pierre (1996) numerically simulated the growth of
instabilities in a special case. He confirmed the growth of
small-scale convection that resulted in the plate-like cells
predicted by B&M; see figure 32.
As well as analyzing the initial growth of instabilities by
the linear theory described above, B&M developed a detailed
heuristic theory of the fully developed turbulence caused
by such instabilities. It was based on the idea that steady
turbulence is a sea of eddies in differing stages of development.
Any particular eddy initially develops in obedience to the linear
theory but, as it develops, nonlinearities modify it ever more
strongly until they eventually destroy it in a time of order λ−1 ,
determined by the linear theory. B&M use this qualitative
picture to estimate turbulent transport properties. In principle,
the SGS terms ui uj , ui Bj , and ui Tc can be directly calculated
for implementation in LES.
In practice, this approach faces two main obstacles. First,
it relies on an appealing physical picture but one that lacks

where

2

(77g)

where ku = k · e. If Ω and B0 are parallel, λmax holds for
any e orthogonal to B0 . For the B&M case, g is parallel to
Ω , and ku = 0. For instability, (77g) requires kD > R1/4 ,
where now we use R = gαT β0 D 4 /νκ. For β0 = ∆T /D, this
is the traditional Rayleigh number introduced in sections 6.1.4
and 6.4.1. As noted above, the relevant β0 here is much smaller
than ∆T /D, but even so R ≈ 1021 , and all length scales
greater than Lν , including those in the SGS range (75), are
buoyantly driven, the maximum growth rates being generally
proportional to k −2 for large k.
The mode of maximum instability identified above, kΩ =
kB = 0, has a plate-like structure, in which the sides Ω =
π/kΩ and B = π/kB are infinite and the thickness of the plate
is u = π/k. One should observe however that kΩ and kB are
bounded below by a wave number of order ko = π/ro , either
defined by the scale ro of the system or more realistically by
Lη . In either case, kΩ = kB = 0 is unattainable. Nevertheless,
for k corresponding to the SGS scales (75),

Buoyancy injects energy if g · β 0 < 0, and it is natural
to suppose that g and β 0 are antiparallel. Then (76b) can
be written in a form that is reminiscent of the results of
section 6.4.2. To do so, the projections of k in the B0 , Ω and
g directions are denoted by kB (= k · B0 /B0 ), kΩ (= k · Ω /Ω)
and kg (= k · g /g). If the same dimensionless D k is used to
ease comparison with section 6.4.2, (76b) becomes
Ra =

(k 2 − ku2 )
,
νk 4

λ0 = 2ΩΛ =
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geodynamo, the uppermost layer of which is magnetized,
seriously hindering our ability to observe core dynamics. The
types of measurements made to elucidate the dynamics of
Earth’s atmosphere and oceans are impossible in the core.
Observations of the geomagnetic field and their interpretations
are briefly presented in part 1.
The second major obstacle is the inherently complex
nature of the dynamo process. Dynamics occurring across
widely disparate time and lengths scales interact through a
tangled network of nonlinearities, presenting a considerable
challenge for theoreticians. In part 2, we establish a
hopefully adequate description of the MHD that controls
the geodynamo. Self-sustaining magnetic field generation
requires Rm > O(100), where the magnetic Reynolds number
Rm characterizes the competition between the induction of
magnetic field by flowing liquid metal and the tendency for
that field to decay ohmically. The challenge for geodynamo
modelers is summarized by two dimensionless quantities that
help define core dynamics and are very small. Section 6
focuses on small Ekman numbers, E, the dimensionless
parameter that inversely quantifies the effect of the Earth’s
rotation on core flow. A typical estimate is E = O(10−15 ),
showing that Coriolis forces are very significant.
To advance understanding for such a tiny E has proved
difficult but asymptotic methods have been fruitful. The
existence of a branch of weak field dynamos has been
established, where ‘weak’ means that the Lorentz and viscous
forces are comparable. These solutions exist only in a small
range of large Rayleigh numbers, Ra (the dimensionless
number quantifying the buoyancy force driving the convection
that supposedly powers the geodynamo). The range is
expressed as Rac < Ra < Ra∗ , where Rac and Ra∗ are
O(E −1/3 ), and Rac marks the onset of convection. When
Ra increases the convective motions eventually become
sufficiently vigorous to switch on the dynamo. The field
amplitude grows as Ra is increased further and, according to
the asymptotic analysis, it becomes infinite as Ra approaches
Ra∗ . The termination of the weak field branch at Ra = Ra∗
means only that the viscous force can no longer counter the
Lorentz force. When Ra > Ra∗ , a new force balance must
be struck, and the predicted existence of magnetostrophic
dynamos suggests that here emerges a strong field branch
where the Lorentz and Coriolis forces are comparable.
Although the existence of these ‘field dominated states’, as we
call them, has not been conclusively established; arguments
are given in section 6 why these dynamos should exist for
Ra of unit order, and produce fields of geophysically realistic
strength.
Section 7 is a stark contrast to section 6. Numerical
experiments yield precise results when E is large enough, and
highlight a process that successfully regenerates magnetic field
in a rotating fluid. But does it accurately describe the MHD
of the Earth’s core? The capability of computers available
today does not readily allow E much smaller than 10−5 to
be studied. Although E = 10−5 may seem small enough
to approximate E = 10−15 adequately, this is shown to be
doubtful by arguments given in section 6, which indicate that
the dynamics is controlled by  = E 1/3 which is approximately

b

y

x

Figure 32. The development of plate-like cells in a core turbulence
simulation. Starting from a spherically symmetric state of enhanced
temperature, panels a and b show isosurfaces of the temperature
perturbation at two successive later times. Gravity acts in the
x-direction, B̄ in the y-direction, and Ω is parallel to Oz (out of the
page). Adapted from St Pierre (1996), with permission.

a firm foundation. The heuristic picture of B&M must be
tested against fully nonlinear calculations of turbulent transport
tensors. Second, although the B&M study shows that the SGS
transport tensors depend on the local magnitudes and directions
of Ω , B̄ , ζ , ∇T , and g , only one realization of an infinite range
of possibilities is investigated.
Despite these difficulties, the ideas of B&M are being
pursued. Anisotropic, effective thermal diffusivities have
been calculated by Matsushima et al (1999) and used by
Matsushima (2001, 2012). Phillips and Ivers (2000, 2001)
formulate anisotropic diffusivities in spherical harmonics and
their interactions. The authors implement this formulation
to examine convective stability in a rotating sphere with
anisotropic thermal diffusivities (Ivers and Phillips 2012).
Šoltis and Brestenský (2010) also look at the effect of
anisotropy on convective stability, and include an anisotropic
viscous diffusivity and focus on the polar region of the core.
Implementations of turbulent transport tensors are heretofore
incomplete, yet one conclusion can be drawn: in comparison
with similar studies using isotropic diffusivities, studies
making use of anisotropic diffusivities find substantially
different results. The message is clear: the use of simple
scalar turbulent diffusivities in LES dismisses SGS physics
that are important for the NRS. In other words, the complexity
of small-scale core turbulence cannot be ignored in studying
the geodynamo!

10. Overview
The past 20 years has seen a remarkable growth in the number
of publications on observational, theoretical and experimental
geomagnetism, and this review has been able only to skim the
surface of this deep pool of knowledge. Our main objective
has been to paint a picture of present day understanding of the
geodynamo and its limitations as we see them. Others who
view the subject in a different light would have presented the
topic rather differently. We have aimed to provide references
that will allow interested readers ready access to alternative
points of view.
Two major obstacles limit our understanding of the
generation of Earth’s magnetic field. The first is that the
core is remote; 3000 km of rock separates us from the
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10−5 in the core but usually exceeds 0.01 in simulations.
Moreover, the magnetic Prandtl number, P m = ν/η, is about
10−6 for the liquid metal of the core but in simulations is
seldom less than 0.1. The dynamo process that succeeds in
the simulations fails if P m = 10−6 .
Small values of P m are readily accessible in the
laboratory, and successful experiments are reviewed in
section 8, where the difficulties and successes of this
demanding activity are described. Three of the models using
liquid sodium successfully regenerate magnetic fields. None
of them, however, are strongly affected by Coriolis forces,
and, by practical necessity, are not driven by buoyant forcing,
which stifles direct comparison with the geodynamo. That
raises serious concerns that are addressed but not resolved in
section 9.
It is hoped that readers will recognize from this review
that the origin of the magnetic field of the Earth is a
fascinating problem in classical physics which is far from
being satisfactorily solved. The basics are well understood but
their development is seriously incomplete. They pose exciting
challenges for the future.

Backus G E 1975 Gross thermodynamics of heat engines in the deep
interior of the Earth Proc. Natl Acad. Sci. Wash.
72 1555–8
Backus G E 1983 Application of mantle filter theory to the magnetic
jerk of 1969 Geophys. J. R. Astron. Soc. 74 713–46
Backus G, Parker R and Constable C 1996 Foundations of
Geomagnetism (Cambridge: Cambridge University Press)
Braginsky S I 1963 Structure of the F layer and reasons for
convection in the Earth’s core Sov. Phys.—Dokl 149 8–11
Braginsky S I 1964 Magnetohydrodynamics of the Earth’s core
Geomagn. Aeron. 4 698–712
Braginsky S I 1965a Self-excitation of a magnetic field during the
motion of a highly conducting fluid Sov. Phys.—JETP
20 726–35
Braginsky S I 1965b Theory of the hydromagnetic dynamo Sov.
Phys.—JETP 20 1462–71
Braginsky S I 1967 Magnetic waves in the Earth’s core Geomagn.
Aeron. 7 1–97
Braginsky S I 1970 Torsional magnetohydrodynamic vibrations in
the Earth’s core and variations in day length Geomagn. Aeron.
10 1–8
Braginsky S I and Meytlis V P 1990 Local turbulence in the Earth’s
core Geophys. Astrophys. Fluid Dyn. 55 71–87
Braginsky S I and Roberts P H 1995 Equations governing
convection in the Earth’s core and the geodynamo Geophys.
Astrophys. Fluid Dyn. 79 1–97
Braginsky S I and Roberts P H 2003 On the theory of convection in
the Earth’s core Advances in Nonlinear Dynamos
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Krause F and Rädler K-H 1980 Mean-Field Electrodynamics and
Dynamo Theory (Berlin: Academic)
Kuang W and Bloxham J 1997 An Earth-like numerical dynamo
model Nature 389 371–4
53

Rep. Prog. Phys. 76 (2013) 096801

P H Roberts and E M King

Sakuraba A and Roberts P H 2009 Generation of a strong magnetic
field using uniform heat flux at the surface of the core Nature
Geosci. 2 802–5
Saltzman B (ed) 1962 Selected Papers on the Theory of Thermal
Convection with Special Application to the Earth’s Planetary
Atmosphere (New York: Dover)
Schekochihin A A, Haugen N E L, Brandenburg A, Cowley S C,
Maron J L and McWilliams J C 2005 The onset of a
small-scale turbulent dynamo at low magnetic Prandtl numbers
Astrophys. J. 625 115–8
Schubert G, Turcotte D L and Olson P 2001 Mantle Convection in
the Earth and Planets (Cambridge: Cambridge University
Press)
Shimizu H and Utada H 2004 The feasibility of using decadal
changes in the geoelectric field to probe Earth’s core
Phys. Earth Planet. Inter. 142 297–319
Shimizu H, Koyama T and Utada H 1998 An observational
constraint on the strength of the toroidal magnetic field at the
CMB by time variation of submarine cable voltages
Geophys. Res. Lett. 25 4023–6
Soderlund K M, King E M and Aurnou J M 2012 The weak
influence of magnetic fields in planetary dynamo models Earth
Planet. Sci. Lett. 333–334 9–20
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