IOP PUBLISHING

MODELLING AND SIMULATION IN MATERIALS SCIENCE AND ENGINEERING

Modelling Simul. Mater. Sci. Eng. 15 (2007) 369–384

doi:10.1088/0965-0393/15/3/013
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Abstract
A recently developed crystal based continuum model for twinning and
phase transformations is successfully applied to Dauphiné twinning and
the α (trigonal) ↔ β (hexagonal) phase transformation in quartz. Both
finite element and uniform deformation simulations are performed of quartz
polycrystals and several experimentally observed phenomena are qualitatively
reproduced. Results are given for mechanically induced twinning and texture
memory during phase transformation. The results highlight the importance of
local stress variations due to grain interactions. Due to the form of the driving
force, twinning is particularly sensitive to local stress variations.

1. Introduction
In the work reported here, we make use of recently developed material modelling capabilities
to investigate Dauphiné twinning and the α ↔ β phase transformation in quartz. Due
in part to its geological significance, quartz is of long standing interest, with Frondel [1]
discussing the lattice orientation memory of single crystals during the α ↔ β transformation
and Thomas and Wooster [2] investigating Dauphiné twinning under applied load. It has long
been known that application of mechanical load can produce texture in a quartz polycrystal
with an initially random orientation distribution [3]. Recent interest in the influence of stress
and temperature on the activity of Dauphiné twinning in quartz is motivated by applications to
tectonic deformation [4] and to shock deformation during meteorite impact [5,6]. Experimental
work on quartz is ongoing and [7] describes some of the recent results which most directly
motivate the modelling work reported here. References listed here are in no way meant to be
exhaustive, though the references above do serve as a good starting point for the interested
reader.
At room temperature and pressure α-quartz with trigonal crystal symmetry is the
equilibrium phase. At higher temperature (above 573 ◦ C at ambient pressure) β-quartz with
hexagonal crystal symmetry becomes the stable phase. The α phase has two variants, which
differ by small atomic displacements (on the scale of interatomic spacings). The reference
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Figure 1. Fine-grained quartz rock novaculite deformed at 500 ◦ C and a compressive stress of
600 MPa [7]. Inverse pole figure of the compression direction in MUD, drawn in equal area
projection with a linear contour scale. Texture measurements were done with synchrotron x-rays
at HASY and analysed with the Rietveld method MAUD.

lattices of these two α variants may be mapped into each other by a π/3 rotation about the
c-axis of the crystal. The two variants can occur as twin intergrowths—following the so-called
Dauphiné law. The Dauphiné twins formed in α quartz occur as both growth twins and as
mechanical twins, with the intergrowth plane being generally irregular. From a modelling
perspective, Dauphiné twinning and α ↔ β phase transformation in quartz are interesting
because of the strong influence of non-hydrostatic stresses. For Dauphiné twinning there is
no strain due to change in the reference lattice and all of the mechanical driving force arises
from elastic anisotropy. This is because mechanical Dauphiné twinning is produced by local
rearrangements of atoms without any larger scale shearing mechanism.
Similarly, elastic anisotropy is important in the α ↔ β phase transformation, particularly
for α variant selection during cooling. The importance of these effects has been known for
some time, with MacDonald [8] predicting that non-hydrostatic stresses are significant in the
α ↔ β transformation. Implementations of general three-dimensional large strain continuum
mechanics models of phase transformation and twinning have not, however, typically included
the appropriate elastic anisotropy effects. Here we build on a recently developed model which
does include lattice strain and elastic anisotropy effects [9,10]. Other notable models which can
treat these effects include those presented in [11,12]. Though they do not necessarily include the
effects of elastic anisotropy, various other efforts further highlight the importance of complex
local strain fields in driving phase transformation and twinning; see for example [13, 14].
The work on quartz reported here is motivated in large part by two experimental
observations for which we wish to have a quantitative observation. As was documented
in [7, 15], if a quartz rock without preferred orientation is subjected to a compressive stress,
a characteristic texture pattern develops that has been attributed to mechanical twinning. An
example is shown in figure 1 with an inverse pole figure of the compression direction. Regions
around negative rhombs (such as (0 2 2̄ 1)) become depleted and regions around positive rhombs
(such as (2 0 2̄ 1)) become enforced. The c-axes (0 0 0 1) and prism planes (1 0 1̄ 0) do not
develop preferred orientation.
This twinning effect has also been observed by neutron diffraction when compressing a
sample in situ and observing intensity changes in the diffraction pattern (figure 2). The intensity
of (1 0 1̄ 0) does not change because this reflection is insensitive to twinning. Intensities of
rhombohedral reflections such as (1 0 1̄ 2) change profoundly and, as can be seen, Dauphiné
twinning initiates around 80 MPa and saturates around 500 MPa. Upon unloading some of the
twinning is reversed.
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Figure 2. Novaculite deformed in compression at 500 ◦ C in the time-of-flight neutron
diffractometer SMARTS at LANSCE. The intensity change of (1 0 1̄ 2) as a function of applied
stress is indicative of mechanical twinning.

The results presented here emphasize Dauphiné twinning, with further work planned
to investigate the phase transformation in more detail. Details of the phase transformation
are complex and not completely understood [16, 17]. To some degree these details are not
important for continuum level modelling and with relatively simple assumptions we are able
to highlight the importance of local stress state in the phase transformation. That is, certain
general conclusions may be reached even though the model does not capture in detail the
transient phenomena occurring during the phase transformation.

2. Material model
We make use of a model that treats phase and twinning transformations and which has been
applied to the α ↔  transformation in iron [10]. In this model, each material element is made
up of microstructural constituents, with each constituent having its own mass fraction. Stress
and temperature equilibrium are assumed among the constituents. For the application to quartz,
the microstructure is composed of three constituents, with transformation paths between each
of them, as indicated in figure 3. We will use transformation as a generic term for either a
twinning transformation or a phase change transformation. Counting both forward and reverse
transformations, there are six paths in the model for quartz.
Each constituent has its own lattice orientation, with anisotropic properties oriented with
respect to that lattice. For the current application to quartz it is the elastic anisotropy which is
of primary concern. Under the conditions of interest, it is safe to assume that the constituents
do not themselves deform plastically by mechanisms such as dislocation glide. Such plastic
deformation would bring in additional anisotropy associated with the lattice of each constituent.
Dislocation glide mechanisms may be included in the model and were considered in the
investigation of iron [10].
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Figure 3. Microstructural constituents and transformation paths; geometric shapes indicate
crystallographic symmetry, not atomic positions.

2.1. Kinematics and driving forces
Forms for the kinematics and the driving forces are identical to those in [10]. For Dauphiné
twinning, we adopt a form of kinetics that is better able to capture temperature effects. For
convenience, key equations are summarized here before introducing the new kinetics.
Within each constituent, we perform a multiplicative decomposition of the constituent
deformation gradient:
F = V · R · FP .

(1)

Lattice rotation is captured by the proper rotation R and V is a symmetric tensor including
both thermal and elastic stretch of the lattice. If plastic deformation by dislocation glide were
allowed, then these deformations would be captured by FP . While simulations have been
conducted with dislocation glide in the β phase at high temperature in order to examine the
effects on establishment of a residual stress state, none of these results are included here.
Let constituents be indicated by Greek indices, with all summations over constituents
indicated explicitly. With constituent volume fraction vζ and velocity gradient Lζ in constituent
ζ , the total apparent velocity gradient is


L = Lχ +
v ζ Lζ ,
Lχ =
L(i)
(2)
ζ

i

χ

with L containing contributions due to transformations. Within each constituent ζ , the
velocity gradient Lζ arises from the deformation gradient in equation (1) formed with quantities
specific to constituent ζ . Thus Lζ captures all non-transformation deformation mechanisms
for constituent ζ . Volume fractions vζ in the above equation are related to mass fractions
through the current densities of the constituents [10].
For each transformation path i taking mass from constituent ηfr (i) to constituent ηto (i)
with mass fraction rate ṁ(i) , Lχ has a contribution of the form
L(i) = ṁ(i) [Vηto (i) · Ĝ(i) · (Vηfr (i) )−1 + Vηto (i) · (Vηfr (i) )−1 − I],

(3)

where Vζ are the constituent lattice deformations. The term involving Ĝ(i) captures straining
due to changes in the reference positions of atoms in the lattice, with Ĝ(i) in general depending
on the current constituent mass fractions mη . For Dauphiné twinning in α quartz, there is no
strain associated with changes in the reference positions and Ĝ(i) is always zero.
For the α ↔ β phase transformation, Ĝ(i) brings in the effects of changes in the a and
c lattice parameters on transformation. Due to kinematics, Ĝ(i) depends on the current mass
fractions [10], but the dominant factor depends directly on the lattice parameters. For α → β
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transformation, the dominant factor in Ĝ(i) has components in the reference crystal lattice
frame with just the diagonal entries (aβ /aα − 1, aβ /aα − 1, cβ /cα − 1).
The driving force for transformation is written as
d
o
f(i) = f(i)
− C(i) · (θ − θ(i)
),

(4)

o
d
where θ(i)
is the so-called equilibrium temperature for the phase transformation and f(i)
is the
driving force due to the action of the stress. For the α ↔ β phase transformation, the second
term in the above equation captures the effect of temperature dependent differences in free
energy in the bulk states of the phases. For Dauphiné twinning, there is no direct temperature
contribution to the driving force and the second term vanishes. Temperature does still indirectly
influence the driving force through thermal anisotropy and its effects on internal stress state
in a polycrystal. Note that the form in equation (4) does not include any contributions from
mixtures of mass fractions within a given material element. For now we assume that any
boundary or interaction energies that would result in such contributions are comparatively
small.
The mechanical driving force has the form
d
= τ ηfr (i) : P(i)
f(i)

(5)

with τ ηfr (i) being the Kirchhoff stress per reference volume in the transforming constituent and
P(i) = symm (ln(F(i) )).

(6)

The quantity F(i) indicates the total deformation gradient on transformation for path i. For
the α ↔ β phase transformation the change in reference lattices contributes significantly to
P(i) , with
∗

∗

F(i) = Vηto (i) · F̂ηto (i) · (F̂ηfr (i) )−1 · (Vηfr (i) )−1

(7)

∗
∗
and F̂ηto (i) and F̂ηfr (i) indicating the deformation gradients for the reference lattices in the product
∗
∗
and source phases, respectively. For α → β transformation, components of F̂ηto (i) · (F̂ηfr (i) )−1

in the reference crystal lattice frame consist of just the diagonal entries (aβ /aα , aβ /aα , cβ /cα ).
Components for the reverse transformation are simply the reciprocals of the foregoing. Note
that if one neglected the effects of lattice stretches Vηto (i) and Vηfr (i) and used a small strain
approximation, components of P(i) would reduce to (aβ /aα − 1, aβ /aα − 1, cβ /cα − 1) in the
reference crystal lattice frame.
The form chosen in equation (6) is motivated in part by considerations for transformations
in which the effects of volume change and thus pressure are more pronounced than those
here [10]. As discussed in [10], equation (6) is developed by considering an integral form
of the deformation portion of the driving force, motivated in part by the work in [18].
The form is consistent with the assumption that the microstructural constituents are in stress
equilibrium. If instead jump conditions and compatibility requirements were enforced on an
explicit moving phase boundary, other forms might be appropriate [19]. For further discussions
of the development of driving forces for phase transformation and twinning, see for example
the work in [11, 20, 21].
∗
∗
For the special case of a Dauphiné twinning transformation mode, F̂ηto (i) · (F̂ηfr (i) )−1 = I
exactly. Thus F(i) = Vηto (i) · (Vηfr (i) )−1 and P(i) involves only the lattice strains. These
lattice strains are related to the stress through the anisotropic thermo-elastic response, with
the anisotropy being specific to the crystal orientation of each variant. Changes in elastic
moduli (with respect to a given reference frame) therefore enter into the mechanical driving
force. The leading term of P(i) is then linear in the lattice strains, so that the leading term of
d
f(i)
is quadratic in the stress. This makes the Dauphiné twinning transformations particularly
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sensitive to changes in the local state of stress. In contrast, the α ↔ β transformation modes
d
have a term in f(i)
which is linear in the applied stress. If isotropic thermo-elastic properties
d
= 0 and the
were used then stress equilibrium would produce Vηto (i) = Vηfr (i) so that f(i)
driving force for Dauphiné twinning would be eliminated. Thermo-elastic anisotropy plays a
central role in the Dauphiné twinning driving force.
2.2. Dauphiné twinning kinetics
The Dauphiné twinning kinetics follow a form motivated by considerations from statistical
mechanics [22, 23], and are similar in some regards to the mechanical threshold stress
formalism used in dislocation glide based plasticity modelling [24]. Based on the computed
form of the potential energy curves along the α1 -β-α2 twinning path [25, 26], we assume
that the barrier height for twinning decreases as the temperature increases towards the
α → β transformation temperature. A decrease in activation energy near the transformation
temperature is also consistent with experimental observations of extensive small scale twinning
near the transformation temperature [27].
Considering a specific Dauphiné twinning mode for which f  0, the mass fraction rate
motivated by statistical mechanics could have the standard form


G
o
ṁ =
exp −
.
(8)
k·θ
For simplicity we neglect any temperature variation of ˙ o , approximating it as a constant [23].
Assuming a simple bilinear form for G, we write


f
(9)
G(f, θ ) = (g o + θ · g θ ) 1 − o
ξtw
o
are constants. The temperature variation of G is meant to capture
in which g o , g θ , and ξtw
the change in barrier height for twinning as the material approaches the α → β temperature.
This gives a temperature variation in G which is stronger than that typically used in other
contexts where G is scaled by temperature variation in the shear modulus, as in [28]. Some
other functional form for G may ultimately prove superior in capturing the relevant physics,
but for now equation (9) suffices.
An issue does however remain with the form of equation (8) for the mass fraction rate.
Specifically, the equation gives non-zero ṁ at zero f . Numerically, the mass fraction rate is
effectively zero at small temperatures. But this does not hold at higher temperatures. The
physical significance is that at high temperatures thermal fluctuations are able to drive the
twinning transformation if the driving force is negligible or even negative. We therefore use a
balanced form like that found in [29]:





G(−f, θ)
G(f, θ )
ṁ = o exp −
− exp −
.
(10)
k·θ
k·θ
This accounts for both forward and reverse senses of the given transformation, and results
in ṁ being exactly zero when f is zero for all θ . The form in equation (10) is effectively a
hyperbolic sine function in f , but this would not necessarily be the case with a more complex
functional form for G.
Figure 4 illustrates the above issue with the kinetics. At relatively low temperatures,
both forms for the kinetics effectively give zero mass fraction rate until the relative driving
o
force (f/ξtw
) is nearly unity. At such low temperatures, the ‘balanced’ (equation (10)) and
‘unbalanced’ (equation (8)) forms of the kinetics are indistinguishable by eye. For higher
temperatures, the balanced and unbalanced kinetics give similar results at larger relative driving
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Figure 4. Mass fraction rate kinetics, highlighting the difference between balanced and unbalanced
kinetics at high temperatures. At relatively low temperatures the two forms produce virtually
identical results.

forces but the balanced kinetics are smooth through the origin while the unbalanced kinetics
have a jump if negative driving forces are considered. This is a truly important consideration
given that the twinning transformation is reversible. Due to the form of the mechanical driving
force in equation (6), driving forces for the forward and reverse twinning paths are the negatives
of each other.
2.3. α ↔ β phase transformation kinetics
Given that the kinetics for α ↔ β phase transformation are not expected to be as temperature
sensitive, we simply use a power-law form:
 1/p
f
ṁ = o
.
(11)
ξpto
For the results reported here, the resistance ξpto , the rate sensitivity p, and the reference rate ˙ o
are all taken to be the same constants for forward and reverse transformation. Note that forward
and reverse transformations are considered separately, so that equation (11) is used only for
f  0. Power-law forms are routinely used in transformation models [30–32]. Discussions of
some of the complexities of the α ↔ β phase transformation are given for example in [16,17].
Details of the texture memory results presented below do not seem to be sensitive to the details
of the transformation kinetics.
2.4. Thermo-elastic response
Quantities in this section refer to a particular constituent. For example, e denotes the specific
internal energy of the constituent in question. The relation τ = fK (Ê, e) governs the elastic
response, with the Kirchhoff stress τ related to the Cauchy stress σ by τ = J σ . More
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Table 1. Material parameters for α-quartz (trigonal), with reference values at θ o = 846 K. Elastic
moduli and their temperature derivatives are in units of GPa and GPa K −1 , respectively.
c11

c12

c13

c14

c33

c44

68

−21

−6

−14

80

42

c11,θ

c12,θ

c13,θ

c14,θ

c33,θ

c44,θ

−0.034

−0.051

−0.033

0.0071

−0.050

−0.029

cv (kJ kg−1 K−1 )

ρ̄ (g cm−3 )

c/a

a (Å)

0.295

2.5334

1.0938

4.978

S
0.5

o11

o33

1.87

1.53

specifically,
τ  = K : Ê − ρ̄eΓ ,

(12)



tr(τ ) = −3Jpb + K : Ê

in which Γ is the deviatoric part of the constant second order Grüneisen tensor. K and K
are fourth order and second order elastic moduli tensors which depend on temperature. In the
modelling framework, the elastic moduli may also depend on pb (the bulk pressure), but these
effects are not included for now given the small pressure excursions of interest here. ρ̄ is the
reference density (E = ρ̄e).
With the chosen Mie–Grüneisen equation of state, pressure due to volumetric strain, or
bulk pressure, takes the form
pb (µ, e) = pg (µ) + ρ̄e ,
where
pg (µ) =


Ko µ 1 + (1 −

pg (µ) = Ko µ

(13)

o

2

)µ −

[1 − (S − 1)µ]2
in tension.

aµ2
2

in compression

(14)
(15)

= tr(Γ) is the Grüneisen coefficient and µ is the compression. Typically obtained from
particle velocity versus shock velocity data, S influences the change in bulk modulus with
compression.
Specific internal energy within a constituent is determined from the total specific internal
energy and the assumption of thermal equilibrium among constituents. Anisotropic thermal
expansion occurs due to the appearance of the internal energy in the expression for the stress.
2.5. Material parameters
Tables 1–3 contain material parameters used in the simulations discussed below. These
parameters are obtained from a variety of sources, and reference conditions are taken
to be the assumed equilibrium phase transformation temperature, θ o . Elasticity data are
approximated from [33–36]. The work of Coe and Patterson [35] also has experimental
data for transformation stress versus temperature at various lattice orientations, and this data is
used to calibrate C. Lattice parameters and thermal expansion (Γ) data are drawn from [37].
Other parameters are simply set to achieve physically reasonable behaviour. Parameters are
obtained by fitting overall temperature variation in the vicinity of θ o , not by using the θ o values
directly.
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Table 2. Material parameters for β-quartz (hexagonal), with reference values at θ o = 846 K.
Elastic moduli and their temperature derivatives are in units of GPa and GPa K −1 , respectively.
c11

c12

c13

c33

c44

110

11

36

103

34

c11,θ

c12,θ

c13,θ

c33,θ

c44,θ

0.090

0.091

0.055

0.083

0.020

o11

o33

cv (kJ kg−1 K−1 )

c/a

a (Å)

0.295

1.09216

4.9965

S
0.5

0

0

Table 3. Material parameters for twinning and phase transformation.
C (MPa K−1 )

θo K

p

˙ o (µs−1 )

ξpto (MPa)

−0.0447

846

0.05

102

0.05

g o /κ(K)

g θ /κ

o
ξtw
(MPa)

76583

−80.52

0.15

2.6. Numerics and time integration for state update
The numerical procedure is the same as that described in [10]. To solve the constitutive
update problem, we must solve a nonlinear set of equations subject to various constraints. The
nonlinear equations satisfy equation (2) and mass conservation for each constituent. The overall
approach is based on solution of the trust region subproblem using the subspace method, with
an active set approach for handling bound constraints on the mass fractions [38]. An equality
constraint forces the mass fractions to sum to unity at every iteration in the nonlinear solution
process. With non-linearities in the stress and temperature equilibrium being relatively mild,
linearization is used to condense out non-essential degrees of freedom. Corrections are then
performed as needed during iteration to enforce the equilibrium constraints.
While state in each portion of material is updated according to the above procedure, grain
interactions in a polycrystal can be modelled using a variety of methods. Here we employ both
the finite element method and a uniform deformation (extended Taylor) linking assumption.
For the uniform deformation linking assumption, the constitutive update numerical procedure
is employed within each grain in the polycrystal. Under the finite element method, we invoke
the numerical procedure at each integration point in the finite element discretization of the
polycrystal.
3. Simulations and results
Many simulation details are motivated by recent experimental work performed on novaculite
[7]. Novaculite is a fine grained dense quartz rock from Arkansas, with roughly equiaxed grain
structure, no initial preferred orientation (texture), minimal porosity and no significant residual
stresses. It is a sedimentary rock that did not undergo tectonic deformation. Simulation details
here are not exactly the same as experimental conditions in [7]. We do not, for example, apply
confining pressure. The sequence of thermal and mechanical loading is also not identical.
At the current stage of development, we are exercising the model to verify that it qualitatively
produces experimentally observed behaviours.
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For simplicity of presentation, all simulation results presented here involve a polycrystal
containing 512 grains. These grains start from a stress free state at 300 K and are initially
untwinned—all mass is initially associated with constituent α1 . Initial lattice orientations are
sampled from a uniform orientation distribution function (ODF), and the same set is used in
all simulations.
3.1. Dauphiné twinning
In these simulations, the polycrystal is first heated with traction free external surfaces. While
no external loads are applied, internal stresses develop due to the thermal anisotropy of
the material. At fixed temperature, the material is then axially compressed to an average
axial compressive stress of roughly 600 MPa and then unloaded. During this compression
cycle, the lateral faces remain traction free. Most results are from the case in which the
polycrystal is heated from 300 to 773 K before application of mechanical load. Finally, the
temperature is cycled up to 950 K and back down to cycle the material through the α ↔ β
phase transformation, with all surfaces once again traction free during this final thermal cycle.
Throughout the simulation, temperature in the polycrystal is forced to be isothermal.
Finite element simulations are conducted using an idealized microstructure with 4 × 4 × 4
brick finite elements in each initial α grain. This results in roughly thirty-three thousand
finite elements3 . The computational expense of the material model makes this a sizable
computational task for current computer resources and the simulations are run in parallel
using the ale3d finite element code [39]. A mesh refinement study was performed using a
smaller polycrystal to verify that the number of elements per grain is sufficient. Preliminary
studies also indicate that use of an idealized grain shape does not substantially influence results.
Simulations of the polycrystal are also performed using a uniform deformation (extended
Taylor) linking assumption. Traction boundary conditions are satisfied by adjusting the
velocity gradient at each time step to satisfy conditions imposed on the volume average stress
components. These simulations are much less computationally expensive, but, as we will see
below, do not capture all the important effects.
Texture results are conveniently presented in terms of compression axis inverse pole
figures [40]. These pole figures show the tendency of crystallographic directions to be
aligned with the compression direction. While general large lattice rotations are allowed
in the model, lattice rotations remain small under the current conditions because there is not
plastic deformation by dislocation glide mechanisms. All visible texture evolution is therefore
associated with twinning. At each material point, the volume fractions of α1 and α2 become
weights in the contribution to the inverse pole figure. All inverse pole figures are shown in
equal area projection with the same scale used in all figures: 0 to 3 multiples of a uniform
distribution (MUD). Due to the nature of the twinning modes being considered and the lack
of other plastic deformation mechanisms, the peak inverse pole figure MUD value is 2 when
starting from a uniform ODF. However, our 512 grain sample only approximates a uniform
ODF and it is therefore possible for inverse pole figure MUD values to be greater than 2.
In general, the lack of smoothness in the inverse pole figures is due to the finite aggregate
size. Inverse pole figures are generated directly from the simulation data, without intermediate
construction of an ODF.
Figures 5 and 6 contain inverse pole figures for finite element and uniform deformation
simulations, respectively. Figures 5(a) and 6(a), showing material at 773 K before mechanical
loading, are largely indicative of the initial texture. There is limited twinning in the finite
3 The simulation took approximately 105 wall-clock hours on 64 processors (with 2.4 GHz CPU speed) for a total of
6720 CPU-hours.
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(a)

(c)

(b)

(d)

Figure 5. Finite element results. Compression axis inverse pole figures in equal-area projection, all
at 773 K (a) before loading, (b) at peak compressive load, (c) after unloading and (d) after thermal
cycling through the α ↔ β transformation. All plots use a scale from 0 to 3 MUD; data adjacent
to plot labels give the value range of the actual data.

element simulation, particularly at grain boundaries, due to thermal stresses; and this accounts
for differences between the inverse pole figures. Under peak compressive load (figures 5(b)
and 6(b)) the material has undergone more extensive twinning, with a clear shift of poles from
the vicinity of (0 2 2̄ 1) to the vicinity of (2 0 2̄ 1). This trend is a direct consequence of the
elastic anisotropy of the α phase combined with this particular overall loading.
We see from figure 5(c) that the finite element simulation predicts some reversal of twinning
upon unloading. The uniform deformation result (figure 6(c)) on the other hand does not predict
any significant reversal of the twinning. Interactions among the grains create complex local
stress fields within the grains and these seem to be important in capturing this particular effect.
o
The twinning resistance parameter, ξtw
, is also very important in regulating this effect. Increases
o
in ξtw increase the hysteresis between the α1 → α2 and α2 → α1 modes, making it less likely
that twin reversal will occur upon unloading. Preliminary in situ loading experiments using
o
neutron diffraction have shown some twinning reversal and the value of ξtw
used here is chosen
to produce a roughly similar amount of reversal in the finite element simulations (figure 2).
Finally, figures 5(d) and 6(d) show the inverse pole figures after cycling though the α ↔ β
phase transformation. While the material is still significantly twinned, the preferred orientation
distribution developed by mechanical loading in the α phase has been lost. This phenomenon
is discussed in more detail below in section 3.2.
Histories of the twinning as a function of thermo-mechanical loading also provide
interesting insights. Figure 7 contains histories from the finite element simulation. These
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(a)

(c)

(b)

(d)

Figure 6. Uniform deformation simulation results. Compression axis inverse pole figures in equalarea projection, all at 773 K (a) before loading, (b) at peak compressive load, (c) after unloading
and (d) after thermal cycling through the α ↔ β transformation. All plots use a scale from 0 to 3
MUD; data adjacent to plot labels give the value range of the actual data.

plots simply show the volume average of the amount of α2 . Recall that all material begins
in the α1 variant, and that the material is first heated (figure 7(a)) and then mechanically
loaded (figure 7(b)). As may be noted from figure 7(a), some twinning occurs during heating
from room temperature. This twinning is concentrated at grain boundaries and corners, where
stresses produced by thermal anisotropy are highest. The development of thermal stresses is
not the only factor in this effect—twinning becomes easier with increasing temperature due
to the form of the twinning kinetics. Twinning due to thermal stresses is consistent with the
experimental observations by [1] that temperature changes can cause twinning even if the
temperature does not rise and fall through the transformation temperature. Figure 7(b) shows
histories of twin fraction during mechanical load at two temperatures. During the application
of mechanical load, some small portion of the twins that are already formed due to thermal
stresses revert, but the dominant effect is to produce more twins. After an initial lag as stresses
increase, the average twin fraction increases and then begins to saturate. Both the lag and
saturation are experimentally observed phenomena [7]. For this material with uniform initial
texture, it is only after load is applied that the twinning becomes systematic and produces
texture. During unloading, there is relatively little change in the volume averaged amount
of α2 , but we know from figure 5(c) that the ODF changes significantly upon unloading
in the 773 K simulation. Differences with temperature in figure 7(b) are not as strong as
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(a)

(b)

Figure 7. Average twin fraction evolution, versus (a) isothermal temperature without applied
external load and then (b) volume average compression stress at fixed temperature.

(a)

(b)

(c)

Figure 8. Mesh plots of twinned (dark) and untwinned (light) regions at (a) end of heating to
500 ◦ C, (b) end of loading and (c) end of unloading.

those observed experimentally [7], indicating room for improvement in the kinetics and the
temperature dependent material parameters.
For both loading and unloading, histories of the driving force for twinning in particular
material elements (not shown) are not necessarily monotonic. This is a reflection of both the
nonlinear dependence of the driving force on stress and grain interactions. Non-monotonicity
of the driving forces bears directly on the saturation of twinning before all grains that are
seemingly oriented for twinning do in fact twin.
It is also useful to examine plots of the twinning over the physical domain, and such plots
are contained in figure 8. From figure 8(b), we see that under load some grains have twinned
completely while others experience only partial twinning. Grain interactions may in some
cases prevent complete twinning of grains that would, based on their lattice orientation and the
overall state of stress, twin completely. Comparison of figures 8(b) and (c) highlights the fact
that while the total amount of twinning changes little on unloading there is substantial forward
and reverse local twinning activity.
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3.2. Texture memory
As we saw from figure 5(d), the twinning pattern produced by mechanical loading of a
polycrystal in the α phase is not retained upon cycling through the phase transformation.
That is, the material does not develop texture memory. However, if the material is cycled
repeatedly through the phase transformation, then the texture developed after the first cycle
is reproduced after subsequent cycles (visually indistinguishable from the texture shown in
figure 5(d)). The first β → α transformation establishes a variant selection that is not changed
by subsequent loading in the α phase. This is because the only plastic deformation mode in the
α phase is the twinning mode and, because there is only one β variant, memory of twinning
is erased on transformation to the β phase. For the simulation results in figure 5, the texture
changes from part (a) to part (d) because we simulate the first pass of the material through
the phase transformation, establishing the initial β → α variant selection. Selection is based
on the local stress states as the grains transform from β to α. Given the paucity of plastic
deformation mechanisms, when the material is unloaded it always has the same local stresses
as temperature is lowered through the β → α transformation.
Variant selection on β → α transformation would be changed if the transformation
occurred under applied load or if the material were deformed plastically by some other
mechanism, such as dislocation glide within the β phase. Plastic deformation in the β phase can
occur at higher temperatures by dislocation glide mechanisms [3], and such plastic deformation
could result in a different stress state on subsequent β → α transformation and thus in different
α variant selection. Applied load would similarly change the stress state and affect variant
selection.
Before we can adequately treat observed texture memory in natural samples [41], we need
to better understand their initial state of residual stress and how it is established. Recall that for
the simulations of novaculite, we assumed that there were no residual stresses in the material
at 300 K. This may not be the case for samples with non-uniform textures.
4. Discussion
In summary, the model qualitatively reproduces the following experimentally observed effects:
• Under compression, twinning reduces the density of trigonal (0 2 2̄ 1) poles and increases
the density of trigonal (2 0 2̄ 1) poles in the vicinity of the compression axis.
• At a given temperature, the amount of twinning increases gradually with applied load,
with an initial lag and a decrease in the rate of twinning with applied load at higher loads.
• For a given applied stress level, there are increased amounts of twinning as the temperature
is increased.
• Selective texture memory is exhibited, with texture from mechanically induced twinning
lost upon α ↔ β temperature cycling.
It is satisfying that the model is able to reproduce many experimentally observed
phenomena. This ability is due in considerable measure to the inclusion of elastic anisotropy
and lattice strain effects in the driving force; effects that are typically not included in continuum
phase transformation models.
The model and simulations here serve to highlight the importance of local stress state in
quartz for twinning and for α variant selection upon β → α transformation. Using a uniform
deformation linking assumption versus finite element discretization of the aggregate gives
qualitatively different behaviour, particularly for the reversal of twinning upon unloading. The
finite element simulations account for local stress variations and are deemed to have higher
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fidelity. The importance of local residual stress state for activation of plastic deformation
modes has also been observed in other materials, such as beryllium [42] which, like quartz,
develops residual stresses in part from thermal anisotropy.
Further work is planned to investigate the α ↔ β transformation and texture memory
effects in more detail. All simulations here started from a uniform initial texture, and texture
memory on α ↔ β cycling has so far only been experimentally observed for textured
samples [41]. Further studies may be able to determine the relative importance of initial
texture and grain scale residual stress state in producing texture memory. It is likely that
refinements will have to be made to the phase transformation model. With the current model
and material parameters, the temperature hysteresis of the phase transformation is too high
compared with experimental observations [27]. The current model and parameters also predict
more curvature in the stress/temperature phase boundary than is reported by [35].
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[40] Kocks U F, Tomé C N and Wenk H-R (ed) 1998 Texture and Anisotropy: Preferred Orientations in Polycrystals
and their Effect on Materials Properties (Cambridge: Cambridge University Press)
[41] Wenk H-R 2006 Neutron diffraction texture analysis Neutron Scattering in Earth Sciences (Reviews in
Mineralogy and Geochemistry vol 63) ed H-R Wenk (Mineralogical Society of America) (chapter 15) pp 399–
426
[42] Brown D W, Bourke M A M, Clausen B, Holden T M, Tomé C N and Varma R 2003 A neutron diffraction and
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